Value of polynomial generated by sequence

Value of polynomial generated by sequence (by the footprints
of one class of problems of mathematical olympiads).
Arkady M. Alt.

The reason for these notes was a series of problems of the same type which at
different times offered at mathematical olympiads and establishing a link (one
of many) between numerical sequences and polynomials.)

All problems below presented in the original formulation, and in the order
which is arbitrary except the first one on the list that reminded me of the
existence of the rest.

Perhaps this list is not complete and there are a lot more of them, but this
does not matter anymore since the main goal is to solve the problem, which is
a generalization of all possible problems of this type with a demonstration all
necessary for this technique.

Probleml.(Mathproblems, vol.4,n.1,2014, Mathcontest Section #64)

Let A(x) be a polynomial with integer coefficients such that for 1 < k <n+1
holds:

A(k) =5k

Find the value of A(n + 2).

Remark.

Formulation of the problem should include a requirement deg A (z) < n because
otherwise the value of A(n+2) can’t be detrmined uniquely. Indeed, if for some
polynomial A (x) with integer coefficients holds A(k) = 5%, k = 1,2,...,n +
1 then for polynomial P (z) = A(x)+(x — 1) (z = 2) ... (x —n — 1) Q (z) ,where
Q () is any polynomial we have

P(k) =58 = A(k), k =1,2,...,n+ 1 as well, but value P(n + 2) will be
vary with @ (z) .

Problem 2. (Short-Listed problems of IMO in Rumania 1983,#19)

Let (F,)p>1 be the Fibonacci sequence Fy = Fy = 1,F,49 = Fo11 +
F, (n > 1),and P(z) the polynomial of degree 990 satisfying P(k) = Fy, for
k=992, ..., 1982.

Prove that P(1983) = F1983 — 1.

Problem 3. (Short-Listed problems of IMO in USA 1981,#13).
Let P (x) be polynimial of degree n such that

P (k) = 1/<"Zl>,k:0,1,...,n.Find P(n+1).

Problem 4. (USA 1975).
Let P (z) be polynimial of degree n such that P (k)

P(n+1).

This list could be infinite, bearing in mind all possible sequences but we still
confine ourselves to some finite subset of it, adding in the further from themself,
a few more particular cases of the following basic problem.

k

= m,k = 07 1, ,nFlnd
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Basic Problem.
For given sequence ag, ay, ..., an, ... let A, (z),n =0,1,2,... be polynomial

defined as follows:
A, (k) =ar,k=0,1,2,....n

™) deg A, (z) < n
Find the value of A, (n+1).
Remark.

In reality we are talking about sequence of polynomials Ay (z), Ay (), ..., Ap (2) , ...defined
for each n by properties (1). Obvious that A (z) is constant polynomial and
Ap (z) = ag. Also note that A,, (k) = A, (k) = ai, for any £k =0,1,2,...,m < n.

Let’s find 4,, (n + 1) for n =1,2,3.

Let A; (z) = ap + ajz.Since A; (0) = ap then Ay (x) = ap + a1z and,
therefore, A1 (1) =a; <= ap+ a1 = a1 < a1 =a; — ag.

Thus, A; () = ao+ (a1 —ag)z = A1 (2) = ap + 2 (a1 — ag) = 2a1 — ap.

We will find A, () represented in the form Ay () = ap+aiz+asz (x — 1) (because
in the such form more convenient to find coefficients ag, a1, as than in usual
presentation by powers of x ). Since Az (z) = A () = ap+ayz for z = 0,1 then
Ay (z) = ap + azz for all z and, therefore, A (z) = A1 (2) + asz (z — 1).

Using A3 (2) = a2 <= A1 (2)+a2-2-(2—1) = az and A4; (2) = 2a; —ag we
obtain

as — 2a1 +a
2o +2a1 — ag = ag <— 042:70.

2!
-2 — -2
Thus, As (z) = Ay (x)—&—@+l+aox (x—1) = ao—l—al T 90+ 22 ;1 i 90, (z—1) =
a1 — ap az — 2a1 + ag
A2(3):a0+ 1 -3+ o ~3(3—1)=a0—3a1+3a2.
To go to the general case, we need to make some terminological preparation
For the sake of convenience and bearing in mind the notation for binomial co-
-1 —2) . (x— 1
efficients we will, by analogy, denote the polynomial zle-D 3 (z—n+1) via
n!
<z),n € N and by definition <I> =1, ( * ) =0,neN.
n 0 —n
Note that ) = 0 for all non-negative integers = < n.
n

Also, to emphasize that A,, (n 4+ 1) isn’t, generally speaking, the term of the
sequence (ap),~q We set b, := A, (n+1), n=0,1,2,.....

Thus, our main goal is to express b, through the terms of the sequence
(an), o and, as a tribute to curiosity, find the polynomial A, (x).

For example, we already have by = ag,b1 = 2a; — ag, bo = ag — 3a1 + 3az
and by the way, the polynomials Ag (z), A; (z), Az (z).

Assume that we already have pollynomials Ag (z), 4 (x), ..., A, (z) which
satisfy (1).

We going to find A,,41 (x) in the form A, 11 (x) = P (z)+ant+1 ( j_ 1>, where
n

(©1985-2018 Arkady Alt 2



Value of polynomial generated by sequence

deg P (x) < mn.
Since A1 (2) = A, () = P(z) forz =0,1,2,...,n then P (z) = A, (x) for

xr
all x and, therefore, A, 11 () = A, (z)+an41 < , where coefficient v, 11 is
n

+1
determined by claim A, 11 (n 4+ 1) = apy1.
1
We have ap 11 = Apt1(n+1) =4, (n+1) + ani1 (ni 1) —
n
Un41 = bn + Opt1 <= Optl = Apy1 — bn
x
So, A, = A, i1 — bn .
00 A (0) = Ay (@) + (anir = 00) (7 )
For any function f (x) we define difference operator A as follows:
Af(z)=f(z+1)— f(z) and define recursively k-times iterated difference
operator A :

Af (z) = f () and A*f (z) := A (A1 f(2)),k e N.

et 0 (1) o1 (1)< (1)) -

(+D)z(z-1)(z-2)..(z—m+2) z(x-1)(z—-2)..(z—n+1)

ol n!
P D@D @m0 (o gy (1)) =
ze—1)(x—2)..(x—n+2)n [ z then

n—1

n!
e (T _ Ak x | 0ifk>n
2 () =2 ((24) ={ Vit
Also note that A is linear operator, that is A (f (z) +g(z)) = Af (z) +
Ag(x) and A (cf (7)) = cAf (x) . Then A* k € N is linear operator as well and,

applying A" to A, 11 () = A, () + apis (ni 1), we obtain

AT (A () = AT (A, (x)) + A+ (%1 <n | 1)) =
A (Apgr (7)) = 0+ appr =A™ (4,141 (0) = anp ==
A" (ag) = iy (since A" (A, 41 (7)) is constant polynomial).

Thus, An-‘rl (JZ) = An (JZ) + An+1 (aO) <nf‘ 1

n+1
n+1

and, therefore,

Apii(n+1)=A, (n+ 1)+A" (a) (
by = any1 — A" (ag) .

n+1 ) 1
Since A" (ag) = 3 (1) (n_]:

n+1 + 1
(2)  An(n+1)=by = aps1—A" (ag) = apy1— . (-1) (” )a”+1—k =

n+1 -~ n+1
S (—1)F 1( E )an+1k and
k=1

x

(3) A, (2) = ao +é1 AF (ap) <k> _ éo AF (ap) (2)

) <~ Qp41 = b7l+An+1 (aO) —

)anﬂ_k,n € N then
k=0
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Here it’s time to digress a little and as an example solve problem 3
. : ! k-1 (n+1
using correlation A, (n+1) = > (-1) otk for
k=1

W= nt+1\ n4+1 = apy1-k- (P(n+1) = A, (n+1) =
k n+1l—k
n+

=

k
ntl _ (-1)"+1
k-1
-1 =—).
.
Thus, by the way, represented above, any sequence ay, := (ag, a1, ..., an, ...)
generate

sequence of polynomials L (ay, ) := (Ag (x), A1 (), ..., Ay (), ...) .

Easy to see that for any two sequences ay and by holds L (ay + by) = L (an)+
L (bn)

and for any constant ¢ holds L (cay) = ¢L (ay) (linearity of operator L).

Linearity of L gives opportunity to find polynomial A4, (z) and value of
Ap (n+1) for

sequence aa, + Bb, by decomposition, that is by reducing to sequences
a, and b,

that is L (aay, + Bb,) = aL (ay,) + BL (by,) .

Applications.(with adaptation for the concrete problem of notations used
in the basic problem)

Problem 1 we will solve in more general form by replacing 5 in A(k) =
5% with any a # 1.
Then ap = a**1, k=0,1,....,n, A(z) = A,(z) and A(n+2)=A,(n+1).
k k
Since A (ag) = 3 (~1)° <’“) ap_i = > (-1)° <k> ab—itl — ¢ i (-1)" <k> ak—i
i=0 [ i=0 ¢ i=0 t
ala—1)F

we have A, () = 3" a(a — 1) (i) —ay (a—1)F (i) and

k=0 k=0
n+1 1
A(n—|—2) — An(n—i-l) — qnt2_ Z (_1)1971 <n‘]: )an-i-2—k —a (an+1 _ (a . 1)n+1) )
k=0
For a = 5 answer is A(n+2) =5 (5" —4").
Remark.
For sequence a,, = aa™ + b, n € N, using decomposition, we obtain
Ap(z) = (aa (a—1)"+8b(b - 1)k) (i), and
k=0

An(n+1)=aa (a"+1 —(a— 1)"+1) + 5b (b’”l —(b- 1)n+1> .
Remark.
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Before moving to the solution of Problem 2, we will consider the one natural
question:

What will change in our reasoning if the segment of the sequence ay, of
length n + 1, which detrmine a polynomial, will start not with ay but with a,,,
for given n € N, that is, if the problem is to stand like this:

For given sequence ag, @1, ..., an, ... let Ay p () ,n=0,1,2, ... be polynomial

defined as follows:

@ A (k) = i, k =0,1,2, .0

deg Am,n (.73) <n

Find the value of A,,,, (n+1).

The answer is obvious. Virtually nothing, except for the appearance of yet
another index in the notation of the generated polynomial and by replacing

(ag, a1y ..., G,y -..)
everywhere in obtained results on (G, @m+1, oy Gmtn, --.) , that is
ntl n+1
(2%) Amn(n+1) = am+n+1_An+1 (am) = Gmint1— ) (_1)k ( k )am+n+1k =
k=0
n+1 - 1
> (_1)k L Amtn+1—k and
k=1 k

() Anle) =ant ¥ A ) (1) = £ 8 ().
k=1 k k=0 k

Instead Problem 2 we will solve some it’s modification in more general
form, namely

Let (fn)n>1 be the Fibonacci sequence defined by fo = 0, fi = 1, fo41 =
o+ fa—1, nEN

and F, ,,(x) be polynomial such that deg F},, () < n and Fy, (k) = frtks
k=0,1,..,n.

Determine F,, ,(n + 1).

Solution.

First note that A (f,) = fas1 — fu = fa_1.Then AF (f,) = fr i,k < n.

But what happens if k > n?

To get answer on that question we should extend definition of Fibonacci
sequence on negative part of integer numbers, the more that there is no obstacle
to do that.

By replacing n in f,,+1 = fn + fn—1 with —n we obtain

ffn+1 _ ffn f,n,1 _ f*(nfl) _

Jont1=fontfon &= (Dt~ (C1)n L (—)ntl T (—D)n
e R v
In+1 = gn + gn—1,n € N, where g, := ﬁ
Since go =0 and g; = (_J;;i-&-l = 1 we conclude that
b= fy = D = (I o = (1
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Thus, allowing now for m any integer value we can apply A* to f,, for
any k € N and do not worry about sign (m — k).
In accordance with the above Remark formulas (2) and (3) becomes

Fm,n(n =+ 1) = fm-‘rn-‘rl - AnJrl (fm) = fnz+n+1 - fm—n—l

no(fx LA no(x
Pl = ft 3 (3) 25 ) = £ (7)8% ) = (7)o
k=1 k k=0 k k=0 k
In particular if m = 1 we get

Fl,n(n + 1) = fn+2 - ffn = fn+2 - (_1)n+1fn = fn+2 + (_1)nf’ﬂ
and

Fyp(z) = i <i)f1k =1 +§:1 (i)flk =1 +k2i:1 (Z)flk =

k=0
n x
1+ > ( )(—1)%1.
k=1 \Kk

Many years ago, one of my students, in that time 13-year-old Lev Bykhovsky,
found another, in my opinion a very beautiful, typically olympiadic, solution of
the problem. Retaining the idea, I will bring it here, adapting to the current
notation and general setting.

Denote the difference F,, (2 + 1) — Fppy () via Ry () .

Since deg Fy, n(z + 1) = deg F, n(z) < n and both polynomials have

the same leading coefficient then deg R, ., () <n — 1.

Besides Rm,n (k) = Fm,n(k + 1) - Fm,n(k) = fm+k+1 - fm+k = fm-l—k—l =

.fm,—l+k = Fm—l,n—l(k) for k = O, 1, ey — 1.

And since both polynomials Ry, (z) and Fy,_1 n—1(z) have a degree not
exceeding n — 1 and their values in n points coincide then the polynomials by
themselves coincide, that is, Ry, n (x) = Fpo1p-1(t) <= Foan(z+1) —
Fm,n(‘r) = Fm—l,n—l(x)-

For x = n € N, we obtain

Fm,n(n + 1) - Fm,n(n) = mel,nfl(n) <~ Fm,n(n + 1) - mel,nfl(n) =
Fm,n(n) = fern = fm+n+1 - fm+n71 <~ Fm,n(n + 1) - fm+n+1 =
FM7171’L71(n) - fm+n71-
Denoting for convenience Ch, ,, 1= Fp, pn(n + 1) — fin4nt1 we obtain
Om,n = LYm-1n-1= - =Um-—no0 <~ Fmﬂ(n + 1) - fm+n+1 =
men,()(]-) - fm7n+0+1 = fmfn - fmfnJrl = _fmfnfl <
Fm,n(n + ]-) = fm+n+1 - fmfnfb

Let’s see how works this idea if we consider a sequence defined recursively
by an+1 = pan, + gan—1 (¢ # 0). For respect to polynomial A,, ,(x) such that
deg Ayn(x) <mand Ay, n(k) = frntr, E=0,1,..,n the question remains the
same, namely determine A, ,(n + 1).

As before we will use correspondent capital letter for polynomials generated
by @m, Gm+1, -..,, namely, we will denote this polinomial via A, ., ().

Let Ry p (z) :== Apyn(z+ 1) — Ay, n(2) then for £ =0,1,..,n — 1 we have

Ry (k) = Am,n(k + 1) - Am,n(k) = Qm+k+1 — Om+k =

(P—=1) @mik + qamir-1= (p—1) Amn1(k) + qAn_1n-1(k).

Since polynomials Ry, ., (z),(p — 1) Amn—1(z)+qAm_1n—1(x) have degree
not exceeding n — 1 and their values in n points coincides then
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Amn(®+1) = Amn(®) = Rn (2) = (p— 1) Apn—1(2) + ¢Am—1,n—1(x) for
all x.

Then for z = n € N, we have recursive relation for b, , := Ay pn(n+1) :

bm,n - Am,n(n) = (p - 1) bm,n + qu—l,n—l <~

bm,n = (p - ]-) bm,nfl + qufl,nfl + Gm+n-

I would not say that the recursion for determining b,,,, obtained in this
way is convenient in the general case of the linear recurrence relation a,y; =
P + qap_1.

As we saw above in the case of a,, = aa™+80",n € N (p = a+b, g = —ab) the
result was achieved much less effort.

But in the case p = 1 we can still get b, ,, by this way, namely:

bmm - qufl,n71+am+n — bm,n - qufl,n71+am+n+1_qam+n71 —

Cm,n = qcm—l,n—hWhere Cm,n ‘= bm,n — Qm4n+1-
HGHCG, Cm,n = quncm—n,o — bm,n*am+n+1 = qun (bm—n,O - am—n+0+1) —

Am,n (7’L + 1) = Om+4n+1 + qm_n (Amfn,O (]—) - am7n+0+1) = Om+n+1 +
m—n _ _
(amfn amfnjtl) -
m—n+1

q
Am+n+1 — (4 Am—n—1-
Generally speaking, the possibility of applying this approach is equivalent
to the possibility to present a polynomial R, , (z) of degree not bigger then
n — 1, defined by the values in points z = 0,1,...,n — 1, in the form of a linear
combination of polynomials A; ,,_1 (z) with ¢ < m,which is not always possible.
This can be verified by attempting to use this approach for sequences (na" ), cy (i) .
This does not detract from his selective effectiveness, and besides, it is better e
to have two way to solve the problem than one.
Consider two examples
Example 1.

Let a, = na™ and A, (z) := Ay, (z) defined by{ Arn (
Find A, (n+1)
Since A" (ay) = > (—l)k (Z) g1k =

k=0

) [ B S R () P
) (—l)k (Z) ka"tF = (n+1)a(a—1)" +an g::l (-1)* (Z: 1) an—k —

k
(n+1)a(a—1)"—an :Z::: (-=1)* (n ; 1) a1k = (n+1)a(a—1)"—an(a—1)""

then A, (n+1) = a1, 1—A" (a1) = (n+2)a" 2 —(n+2)a(a—1)"""+
an+1)(a—1)" =

n+2)a"*? —a(a—1)"((n+2)a(a—1)— (n+1)).

And now try to use the second way

Let R, (z) := Ap(z+1) — A, (z) then for k=0,1,...,n — 1 we have

k) =ak+1,k=0,1,2,...,n
deg Al,n ({E) <n

0= T0
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R, (k) := Ay (k+1) — Ay(k) = A(aps1) = (K +2)a" ™2 — (k+1)a*t! =
a**tl(2a—1+k(a—1)).
Nothing useful.

2. Leta, = l and A, (z) := Ay ,, (z) defined by {
n
Find A, (n+1) and 4, ().
n n 1
For any natural n we have A™ (a1) = Y (_1)’€ (Z) Gnpiop = 3 (_l)k <Z) 1

A1 (k) = agp+1,6=0,1,2,...,n
deg A1, (z) <n

k=0 k=0
-1 = 1
n+1+k§1( ) (k>n+1—k n+1+n+1k§1( ) k
n+1 1 n 1
Since Y. (—l)k ne — 0 — 1+ (_1)n+1 s (_l)k n+ _
k=0 k k=1 k
0 — ( )
u 1+ (=1)"*H!
E(n+1 _ oyt . B 1 B B
k§1( 1) < 1 )— (1+( 1) )thenA (al)_n—l—l o —
RN
n+1
and, therefore, A, (x) = a; + Xn: AF (ay) (z) — 14 i _1)k ($>
9 ) n — U1 = 1 k‘ = P k_|_ 1 k
1 1 (_1)n+1
= _ ANt1 _ _ An+1 _ _ _
An(+1) = anpz = A @) = 2 - AT @) = oo - e
1+(=0"
n+2

Am,n (k) - 1, k= O, 1, 2, N
deg A (z) <n
Since for the sequence a, = 1,n = 0,1,2,... we have A" (a1) = 0 for any
natural n and

k 1
Apn(n+1) =1,A4,,(z) =1 and Pl 1-— Pl then solution of

Problem 3. immediately follows from solution to example 2.

Let a, =1 and A, , (z) defined by {
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