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Short preface.

The basis of this article is the special course that was read by the author
for university students in 1989. The main purpose of this special course was
the consideration of periodicity conditions of a sums and products of periodic
functions.

In the definition of periodic functions important role is played the concept
of a periodic set, with we start our narration.

I. Periodic sets

Definition 1.

We say that set A is periodic if there is number 7 # 0 such that a € A implies
at+T7€ A (shortly A+ 7 C A)

(empty set & by definition is periodic and its period is any real nonzero
number)

Remark.

If A is periodic set with period 7 then:

1. R\ A is periodic with period 7 as well;

2. If BC A then B+ 7Z C A and B+ 7Z is periodic set.

Proof.

1. Let 2 € R\ A then z £ 7 € R\ A because otherwise if z 7 ¢ R\ A4 then

x+7 € A and, therefore, x = (x £ 7) F7 € A, that contradict to z € R\ A.

2. Immediatelly follow from definition.

Examples of a periodic sets.

1.R is obviously periodic set;

2.Let a,b € R and b # 0 then a+bZ := {a +nb | n € Z} is periodic set with
period b;

3. R\ (a + bZ) is periodic with period b;

4. Let a,b € R and a,b # 0 then aZ+bZ := {am + bn | n,m € Z} is periodic
set with periods a and b.Furthermore, any element of this set is also its period.
Indeed, let 7 := amg + bng.Then

am + bn £ (amg + ngb) = a(m £ me) b+ (n £ ng) .

a a
Ifgthhatisf:

A P where p,q € Z and ged (p, q) = 1 then 7 = ag = pb is
q
period as well.

If — ¢ Q then aZ + bZ is everywhere dence and, therefore, contain any

small enough positive 7 which is period of this set as well. Hence, in that case,
RN\ (aZ + bZ) is periodic as well with any such 7 as a period. (see Remark
above).

Examples 2,4 represent closed* periodic sets. Periodic sets in example 3.and
set R\ (aZ + bZ) represent some open* periodic sets.

Let A be periodic set and let Z, := Z\ {0}. We will denote via Q(A) set
of all periods of set A.

If 7 € Q(A) then 7Z, € Q(A).(math induction);
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Periodic sets and periodic functions.

If 71,72 € Q(A) then 71+72 € Q(A) and furtermore, 71Z, +72Z. € Q (A);

Q2 (A) is periodic as well with any own element as a period.

(because for any w € 2 (A4) and any 7 € 2 (A) we have w =7 € 2 (4))

0 Q(Q(A)=Q(4).

Let Q4 (A) == {7 | 7€ Q(A) and 7 > 0} .Since Q (A) # @ for periodic set
A then Q4 (A) # & as well.

For Q2 (A) can be two options presented by two following propositions:

Propositionl.

Let Q4 (A) contain smallest element. Then p := min Q4 (A) we call main period
of the periodic set A

and Q (A) = pZ,.

Proof. -
Assume contrary that there is 7 € Q(A) such that 7 ¢ puzZ <~ m ¢
7 — {T} # 0.
©
Then — = [T} +{T} < T=npu+p wheren = {T] andpu{T}.
o Lp [ 1 [

Since p =7—np € Q4 (A) and p < p. That contrdict to u = minQ, (A).

Proposition2.

Let Q4 (A) have no smallest element, that is no min Q4 (A4) only inf Q4 (A).

Then inf 24 (A) =0 and Q4 (A) dense in (0, 00).

Proof.

Let po:=inf Q4 (A). Then p ¢ Q4 (4). We will prove that p = 0.

Suppose that g > 0. Then for any € > 0 there is 7 € Q4 (A) such that
p<1T<pu+e.

Since €4 (A) have no smallest period then there is 71 € Q4 (A) such that 71 <

Thus we have y < 71 < 7 < pt + € and, therefore, 7 — 71 < pu+e—p=c.

Since 7 — 71 is positive period of A then we can conclude that for any
€ > 0 there is

7€ Q4 (A) such that 7 <e.

In particular for € := p there is positive period 7 < p and that contradict
w=1inf Q4 (4).

Let (o, 8) C (0,00) then there is 7 € Q4 (A) such that 7 < 8 — a.

« «
Since — — — > 1 then thereisn € N such that — <n< = <= a<nr<
T

T T T
B/

and since nT € Q4 (A) it is mean that Q4 (A) dense in (0, 00).

Operations with periodic sets.

1. Let A, B be periodic sets then what we can say about periodicity of
A+ B,AUuB,ANB?

Let A, B be periodic sets with main periods p4, pg:
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Periodic sets and periodic functions.

If pu 4, b are commensurable, that is Ba € Q then sets A+ B, AUB, ANB all
KB
periodic.
Proof.

Let P4 _ E,p,q € N then for 7 := qu, = pup we have:
q

A+g?s periodic with period 7.Indeed,let a+b € A+ B then a+b+7 € A+ B
because a +7 =a+ quy € A;

AU B is periodic with period 7.Indeed,let z € AU B then we have:

r€EA = z4+T7=x+quy € AC AUB;

r€B = z+7=c+pug € BCAUB.

AN B is periodic with period 7.Indeed, let x € AN B then
x+717=x+qus € Aand x +7 =2+ pup € B.Hence, x +7€ AN B.

But if p,, pp are incommensurable, that is Ha ¢ Q, then AU B can be

o KB
unperiodic set.

Example.

Let A := Z,B := oZ then both periodical (2(4) = Z, and Q(B) =
aZs) but AU B isn’t periodic.

Proof.

Assume contrary that A U B is periodic with positive period 7.Consider
three possible logical cases:

1. 7€ Q(A) =Z, Since b+7 ¢ B for any b € B and b+ 7 € AU B remains
b+17€A <= na+1t=a

for some n,a € Z and, therefore, na = a — 7 <= « € Q.That is contradic-
tion;

2. 7€ Q(B) = aZ,.Since a+71 ¢ A for any a € A and a+7 € AUDB remains
a+T7T€EB <= a+T=nm«a

for some m,a € Z and, therefore, a € aZ.That is the contradiction again.

3. 7¢ Q(A)NQ(B). Since 7 isn’t integer then a + 7 ¢ A for any a € A =
Z and then remains a +7 € B

that is a + 7 = na for some n € Z.But then for two distinct elements of
A two integers a; # as, we have

a1+7 = nia, as+7 = naa,where ny,ng € Z and then a1 —ag = a (ng —ny) =
a € Q.

Thus, Z U aZ isn’t periodic.

Since ZUaZ isn’t periodic then R\ (Z U aZ) = R\ZNR\ aZ isn’t periodic
as well.

Indeed, if R\Z N R\ aZ is perodic, that is periodic R\ (ZUaZ), then
must be periodic

RN (RN (ZU aZ)) =Z U oZ.

So, it is example of non-periodic intersection of two periodic sets R\Z and
R\ oZ.

And what about Z + «oZ? It is also non-periodic.

Assume contrary that 7 is period of Z + aZ.Then a; + bja+ 7 = ¢1 + di«v

and ag 4+ by + 7 = ¢ + do, where a4, b;,¢;,d; € Z,1=1,2.

Hence as —a1 + (b —b1)a=co—c1+ (do —d1)a = a€Q.
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Periodic sets and periodic functions.

Proposition 3.

Let A, B be two periodic sets such that B C A then Q(BNA) = Q(B)
and

QBUA)=Q(A).

Everywher further we will cosider the functions defined only on open periodic
sets.

II. Periodic functions
Definition 2.
Let D be periodic set. We say that function f: D — R is periodic if there
is 7 € Q(D) such that
flx+7)=f(x) for any z € D.
We denote set of all periods of periodic function f via Q(f).
Obvious that Q (f) C Q(D)

Propositionl.

1. If 71,79 € Qf and 71472 # 0 then 71472 € Q(f) (shortly Q (f)+Q(f) C
()
2. If 7 € Qy and n € Z\ {0} then nt C Qy (shortly Z\ {0}-Q (f) C Q(f)).

Proof.

1. Since 71,79 are periods of function f then for any z € D we have

fla+(mi+m))=f(@+71)+72)=f@+71)=f(2);

2. Let 7 is period of f then f () = f (z—7)+7)=f (z—7) =
f (x4 (—=71)).So, =1 € Q(f).

Also,since f (z+ (n+1)7)=f ((x+n7)+7) = f (x + n7) then by Math
Induction

we get f (x+n7) = f(x) for any natural n. Similarly, for period —7 we
get f (z+n(=7))=f(2).

So, f (x +n71) = f(x) for any integer n.

Let Q4 (f) :={7 | 7€ Q(f) and 7 > 0} .Since +7 € Q (f) then || € Q4 (f) and,

therefore, Q4 (f) # @.

Proposition 2. If O, (f) has a smallest period, let it be 7, then Q (f) =
T,
that is for any 7 € Q(f) there is an integer n # 0 such that 7 = n7..
Proof.

Assume contrary that there is 7 € Q (f) such that - ¢7 — {T} # 0.
T T
Then - [T} + {T} < T = nT.+p where n = [T} and
T T T Ty
-
P=Txy
T«
Since p = 7 —n7. € Q4 (f) and p < 7.. That contrdict to 7, =
min Q4 (f).

In the case T, = min Q4 (f) we call 7. main period of function f.
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Periodic sets and periodic functions.

Proposition 3.

If Q4 (f) have no smallest period then for any ¢ > 0 there is 7 € Q4 (f) such
that 7 < e

and furtheremore, Q4 (f) dense in (0,00) (= Q(f) everywhere dense).

Proof.

Let 7, :=inf Q4 (f). Then 7. ¢ Q4 (f). We will prove that 7. = 0.

Suppose that 7, > 0. Then for any & > 0 there is 7 € Q4 (f) such that
Te <T<Tsx+E€.

Since Q4 (f) have no smallest period then thereis 71 € Q4 (f) such that 71 <

Thus we have 7, < 71 < 7 < 74 +¢ and, therefore, 7 — 7y < 7, +e—7, =¢.

Since 7—771 is positive period of f then for any ¢ > 0 thereis 7 € Q4 (f) such
that 7 <e.

In particular for ¢ := 7, there is positive period 7 < 7, and that contradict
T =inf Qy (f).

Let (o, 8) C (0,00) then there is 7 € Q4 (f) such that 7 < 8 —a.

. « . (&%
Smceé——>1thentherelsn€N such that — <n< = < a<nr<
T T T T

B/

and since nT € Q4 (f) it is mean that Q4 (f) dense in (0,00).

Proposition 4.

If f: D — R is periodic with period 7 and a # 0,b ¢ Q (f) then function

z+— f(az+0b):a ! (D —b) — Ris periodic as well with period Ta~!.

Proof.

a~!- D is periodic set with period 7a~'.Indeed, let z € a=! - (D — b) then

r=at(t-b),tcDandatra l=at ((t-b)x7)=at((t£7)-b) €
a=t-(D-b)

because t £ 7 € D;

Also, f(a(z+7a ') +b)=f(a(a ' (t—b)+7a™ ) +b) == f((t—b)+7+b) =

) =1(t) = flazrb).

Proposition 5.
If f () is periodic with period 7 and differentiable then f’ (z) is periodic as
well with period 7.

Proof.

We have f' (z + 7) :}ILii%f((l"—Fh)"‘;)_f(l‘—FT) :%li%f(fﬂ-l—hf)L—f(z) _
f ().

Theoreml.

Let function f : D — R is periodic and continuous at least in one point
acD.

Then f have no smallest positive period iff f (z) is a constant function.

Proof.
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Periodic sets and periodic functions.

Let f have no smallest positive period and x € D be any. Since f is
continuous in a

then for any € > 0 there is ¢ > 0 that for any v € D inequality |u — a| <
§ yield |f (u) — f (a)] < e.

From the other hand since Q (f) everywhere dense (Proposition 3) there
isTeQ(f)

suchthat [(a —2) — 7| <0 < Ja— (x +7)| <d6.Then |f (x+7) — f (a)| <
e = |f(x) = fla)] <e

Since inequality |f (x) — f (a)| < € holds for any ¢ > 0 then f (z) = f (a).

If f (x) is constant function the it is obviously continuous and any real 7 # 0
is a period.

Then Q4 (f) = (0,00) and have no smallest positive period.

Corollary.(Follow immediatelly from the Theorem)

Let function f : D — R is periodic and continuous at least in one point
a€D.

If f(z) isn’t a constant function then f(x) has smallest positive period
T+ and then

Q(f) =7+ - Z\A{0}.

Remark. Another,direct proof of the Corollary.

First note that for any @ € R and any b € R\ {0} there are unique pair
(k,r) such that

keZ,0<p<|b and a = kb+ p.

Indeed, .since % = [E} + {%} then a has unique representation a = kb +

p,where k := [% ,

p = b{%} €[0,b).

Assume that f (z) isn’t a constant but set Q4 (f) have no smallest element
Let z € D be any and let 71 be ay positive period.

Then x —a = k171 + p;, where k; = [x—a} , Py = Tl{x
T1

a} € 10,71).

T1

If py=0thenz=a+ki11 = f(z)=f(a+kiT1)=f(a);

If p; > 0 then since Q4 (f) have no minimal period there is 7o € Q4 (f) that
T2 < pPq-

Then p; = kama + py , where 0 < p, < 73 < p; < T1.

If po =0then x —a — k171 = p; = kaTe = x = a + k171 + koTo and,
therefore,

f(l') :f(a+k17'1+k27'2) :f(a)

If p, >0 we can continue this process.

Assume that we aready have representation x = a+k171+komo+...+k,7n+
Py » Where

0<p0, <Tn<pp_1 <Tp-1<..<7T2<p; <T1.

If p,, = 0 then as before we obtain f () = f (a + k171 + ... + kn70n) = f (a).

Consider now case when process is infinite.
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Periodic sets and periodic functions.

Since inf Q4 (f) = 0 we can provide lim p,, = 0 if we claim on n —th step

that

Tp <min{7,_1,1/n} for each n € N.

Hence, f(x) = fla+kiti+ ...+ kntn+p,) = fla+p,) and f(z) =
lim /(a4 p,) = f(a)

because f is continuous in a.So, we obtaned f (x) = f(a) for any z € D
that is contradiction

with f (x) isn’t a constant function.

Exersices which represents examples of periodic functions.
1. sinx,cosx are periodic on R. Prove that 27 is main period;
2. tanz is periodic on R\ {7/2 4+ nw | n € Z}; cot x periodicon R\ {n7 | n € Z} .
Prove that 7 is main period for both.
3.Prove that {z} is periodic on R with main period 1;

[ lifzeR\Q

4. Let d(z) := { 0ifzeQ
periodic, everywhere discontinuous function and 2 (d) = Q\ {0} .(Q everywhere
dense).

5. Prove that function {z — a} d (z) is periodic on R with main period 1 and
continuous only in points a +n,n € Z..

(Dirihlet Function). Prove that d(z) is

Problems with solutions.

Problem 1.

Find all continuous functions f that satisfy equations f (z) = f(z +1) =

Solution.

Since f(z+1) = f (z) and f (z+ V2) = f(z) then f (z) has simulte-
neously period 1 and period /2.

From the other hand f (x) as contfunctinuos function have two options,
namely f (z) is constant

function or if it isn’t constant and then f (x) has smallest positive period
T

In that case 1 = nr, and V2 = mr, for some integer n, m.Then V2 = % S

Q,that is the contradiction.

Thus remains that f (z) is a constant function.

Another solution.

Since 1 and v/2 are periods of f (z) then m+n+/2 for any m,n € Z\ {0} is
period as well.

Since set {m +nv/2 | m,n € N} C @ (f) by* Kronecker Theorem dense in
(0,00) then Q4 (f)

is dense in (0,00) and, therefore, then by Theorem f (x) is a constant
function.

Problem 2.
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Periodic sets and periodic functions.

Prove that sup (Sin X + sin 7T\/§£L‘) = 2.
Solution.
It is obwious that sin 7z + sin 72z < 2.Also note that sin 7z + sin mv/2z =

2 —=
r=1/24+2n,n€ec’Z

sintx =1
— 1/2+2 _— =
{sinﬂ'\/iale xzu,mez 1/2 + 2n
V2
1/2+2
2+2m . 5cq.

V2

Thus, sin 7z + sinmy/2z < 2 for any real z.
By replacing # with 1/2 + 2n we obtain 0 < 1 —sin7v/2 (1/2 + 2n) =
/2 (1/2 + 2n)
5 _
Then suffice to prove that there are integers n, m such that
va(/2+2n) 1
2 4

™

4—m7r

1—cos (ﬂﬁ(l/Q +2n) — g - 2m7r) = 2sin?

< ¢ for any ¢ € (0,7/2)

™2 (1/2 4 2n)

™
—— —mn

2
1

because then 2 sin® <

1 > < 2sin?e < 2¢2.

V2-1

V2(1/2 4 2n)
2 1" 4

and latter inequality holds for some integers n, m because set {ﬂn —m|n,mée Z}
dense everywhere by Kronecker Theorem.

‘We have

<e

<g = ‘\/in—m—

Problem 3.

Prove that sinz + sinv/2z is non-periodic function.

Solution 1.

Suppose that sin x 4 sin v/2z is periodic with the period 7.

Then sin (z + 7) +sin V2 (x + 7) = sinz + sin 2z <=

sin (z 4+ 7) —sinz = — (sin V2 (z + 7) — sin v/2z) .

Let h(z):=sin(z +7) —sinz = — (sin V2 (z + 7) — sin v2z) .

Then h (x) is periodic with period 7.But at the same time h (x) have periods
27 and /2.

Note that 7 ¢ 20Z\ {0} because otherwise if 7 € 27Z\ {0} then

sin /2 (x 4 7) — sinv/2z = 0 for any z and in paricular if 2 = 0.

Then sin V27 =0 <= V27 = kr = /2 € Z —contradiction.

Since continuos function h(x) isn’t constant then it has smallest positive
period 7.

Then 27 = k7, and V27 = I7, for some integer k,l and, therefore, V2 =
toq

Contadiction!

Solution 2.

Let h (z) := sinz + siny/2z, then b/ (x) = cosz + V2 cos 2z and b (z) =
—sinz — 2sinv2x
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Periodic sets and periodic functions.

Assume that h(z) is periodic with 7.Then A’ (z) and h” (x) are periodic
with period 7.

2
Since h (x)+h" () = — sin v/2x and sin /22 has main period 77; = /27 then
T =2mn

because b’ (z) + h” (x) has period 7. Similarly, since 2h () + A" (z) = sinz
we obtain m
7 = 2nm. Hence, vV2mm = 2nt <= /2 = — € Q,that is contradiction.

Remark. By the same way as above can be g;oved that sin x+sin ax is nonperiodic
function if « is any irrational number.

Problem 4.

Prove that cos z sin v/2zx non-periodic function.

Solution.

Suppose that f (z) := cos x sin v/2z is periodic with the period p.

sin ((vV2+1)2) +sin ((vV2—1) 2) then h (z) == 2f (V2 + 1) z) =

2
sin x + sin ((2\/5 + 3) x) is periodic as well with period 7 =p (\/§ — 1) .
Further we can get the contradiction using idea of Solutionl or Solution
2 for Problem 3.

Since cos z sin /22 =

Proposition 6.

Let function f : D — R is periodic with period 7 > 0 and for some
a € D and f is boundeed on some segement [a,a + 7] C D then f boundeed
on D.

Proof.

Let |f (x)] < M for z € [a,a + 7] then for any x € D there is integer n such

that
T —a

T

x —n7 € [a,a+7].Indeed, = —a = T™n + p, where n := [ } and

pZZT{x;a} e [0, 7).

Thenz —tn=a+p€la,a+7)and |f (z)| = |f (x — n7)| < M.

Proposition 7.

If function f (z) defined on R is periodic and continuous on R then f (R) =
[m, M] where m := min f(z),M:= max f(x) for any a € R.

z€la,a+T1) z€la,a+T7)

Theorem 2.

Let f1, fo be non constant periodic functions with periods 71, 72, respectively, such
that at least one of these functions continuous and boundeed on its domain and
another has at least one point of continuity on D (f1) N D (f2). Then fi + fo
defined on D (f1) N D (f2) is periodic iff 71,72 are commensurable.

Proof.

Assume that f; is continuous and boundeed on D (f1) and f; has at least
one point of continuity on D (f1) N D (f2).
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Periodic sets and periodic functions.

Remark 1.

It D (fl) contain the segment [a,a + Tﬂ fore some a € R we don’t need claim
boundness because by Proposition 6 f1 is boundeed on D (fl) .

Necessity. (by "reductio ad absurdum").

Let 71,72 be incommensurable. We may assume that 71, 79 are main periods
for f1, fo,respectively ( because both function not a constant and both has points
of continuity).

Suppose the contrary that fi+ fo defined on open set D := D (f1)ND (f2) is
periodic with some period 7 > 0. It, in particular, implies that D, being the
periodic set with periods 71, 72,is periodic set with period 7 as well. We have

fle+m)+ h@+r) = h@)+ f2@) < filetn)—fi(@) = f (@) -
falz+7).

Let h(z) i= fi (o +7) = f1 (2) = o () — fo (5 + 7).

Then 71,72 both are periods of h(z).Since h(xz) = fi(x+7) — f1(z) is
continuous in D and periodical then © (k) is dense in D because

{nT1+mro | n,m e Z} C Q(h) is dense in D.

Indeed, the set {nTngl +m|n,me Z} dense in R since 7175 " ¢ Q and,

therefore, for any interval (o, 3) there are m,m € Z such that
0472_1 <n717'2_1+m<67'2_1 < a<nr+mre <p.

Thus, h(x) as continuous function should be a constant function.

Let h(z) =c,x € D, thatis fy (z+7)— fi(zx) =cand fo(x +7)— fo (z) =
—c for any x € D.

Then f1 (x+7) — f1(x) = ¢,x € D yields f1 (x +n7) — f1(x) = nc for

any n € N and, therefore,
c= lim hiztnr) = fi (@)
So, T ig aogommon pgriod of both functions f; and fs

Then 7 = m7, and 7 = n7y for some natural n, m and, therefore mr, =
T2
nry — — € Q

= 0 because , fi (z) is boundeed on D.

T1
and that is the contradiction.
Sufficiency.
T m
Let 71,72 be commensurable that is L — = Then 7 := nT1 = MTy IS
T2 n
common period for both functions and, therefore, is a period of fi + fo, defined
on the set D (f1) N D (f2) (which is periodic with period 7).

Remark 2. Sufficiency don’t need continuity.

Problem.

Let f : R — R be continuous and periodical non constant function with
main period 7.

Prove that there is the point g € R such that f (xg+7/2) = f (x0).

Solution.

Let h(x):=f(x+7/2)— f(z). Thenh(x +7/2) = f(a+7)— f(x+7/2) =
@) - flo+1/2) = —h(@).

If h(z) =0 for some x then we get such point. If h (x) # 0 for some = then

- rka t
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Periodic sets and periodic functions.

h(x + 7/2)-h(z) = —h? (z) < 0 and, therefore, there is z¢ € (z,z + 7/2) such
that
h(zg) =0 <= f(zo+7/2) = f(x0).

Problem.
Let f,g : R — R be continuous and periodical functions with the same
period and wh_)lgo (f (z) — g (x)) = 0.Prove that f (z) = g(x) for any z € R.
Solution.
Let 7 be any positive period of these functions.
Then f (x)—g(z) = f (x +n7)— g (x + n7) and, therefore, f (z) —g (x) =
nlirgo(f(x+n7) —g(x+nT))=0.

Problem.
Prove that the following sum of periodical functions is non-periodic:
a) sinz + tan V2z;a
b) tanz + tan V2z.
a) Solution 1.
Since D (sinz) =R, D (tan\/ix) = ]R\{7T + nr |ne Z} and
’ 2V2 V2

D (sinz)ND (tan v2z) = R\ {2?@ + % |n € Z} then by Theorem 2.

sin x + tan v/2z is unperiodical.

Solution 2.

Let h (x) := sin z+tan ax where a ¢ Q. Suppose that h (x) periodic with pe-
riod 7 > 0.Since h () is differentiable then b’ (z) = cosz+a (1 + tan® azx) , b (z) =
—sinz + 2a? tan ax (1 + tan? am) are periodic with period 7 as well.

Since h (1) = h(0),h' (r) = B (0),h” (7) = h”(0) then 7 satisfy to the

system.
Hence
sinT + tanar =0 sinT +tanar =0
COST+a(1+tan2ar):1+a <= cosT +atan?ar =1
—sinT 4 2a® tan ar (1 + tan? 047') =0 —sinT 4 2a® tanar (1 + tan? aT) =0

Then sin7 + tan a7 + (—sin7) 4+ 20 tan a7 (1 + tan? a7) =0 <

tanat (1+2a? (14 tan’ar)) =0 <= tanar =0 < ar =nm,n€Z
and, therefore, sint =0 < Tr=mnr,m e Z
Hence, nm = mra <— a= % € Q and that is contradiction.

b) Solution

Let h(x) := tanz + tan ax where a ¢ Q.

Then 1/ (z) =1+ tan®z + o (1 + tan® az) = 1+ a + tan® z + a tan” o,
tanT + tanar = 0, tan? 7 + atan? ot = 0,
tan T (1 + tan? 7') + 202 tan at (1 + tan? on') =0.

Since tan ar = — tan 7 then
tan? 7 + atan?ar = tan’7 (1 + o) =0 < 7 =nm,n € Z and
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m
tanar = 0 <= ar = mm,m € Z. Hence, « = — € Q and that is
n

contradiction.
More simple.
Since cot z + cot aur isn’t periodic (because D (cot z + cot ax) =

D (cotz) N D (cot ax) = R\ 7ZN R\EZ is non-periodic)
«

then tan x + tan ax = cot (7/2x — x) + cot (7/2z — ax)
is non-periodic as well.
There are periodic and non constant functions that have incommensurable
periods.
. 1 if x is algebraic number
For instance f (z) = 0 if = isn’t algebraic number ’
because among algebraic numbers we can find incommensurable numbers.

* 1. Kronecker’s Theorem [1]

a) For any irrational  set {{nf} | n € N} densein (0,1).

b) For any irrational 8 set {nf + m | n € N,m € Z} everywhere dense (dense
in R). (that is for any @ € R and any € > 0 there are n € N,m € Z that
la — (nf +m)| <e).

2. Subset X C R is open if for any = € X there is positive real £ such
that (z —e,x+¢) € X
3. Subset X C R is closed if R\ X is open

1. A.M. Alt. Dense numerical sets, Kronecker’s Theorem and else...
https://www.academia.edu/36726523/Dense _numerical _sets
Kroneckers Theorem and _else... c¢_.pdf
or
http://www.equationroom.com/Publications/Academia.edu/
Dense%20numerical%20sets, %20Kronecker’s%20Theorem%20%
20and%20else...(c).pdf
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