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and this concludes the proof.

Paolo Perfetti

W9. (Solution by the proposer.) Consider recurrence

1
Tptl = E (xn + Tp-1+ Tp—2 + xn—k—{—l) yn>k—1

with z, € C,n e NU {0} .

Easy to see that the sequence (z,),>0, originally defined by linear
homogeneous recurrence of k-degree can be equivalently defined by the
following linear nonhomogeneous recurrence of degree k — 1
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which further, by substitution z, = ¢, + 6 — where
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can be reduced to recurrence

k—-lt +lc—2
ko k

tnt1 +

ktn+1+ (k) - l)tn + (k) - 2) the1+ ...+ tp—k+2=0, n >k — 2. (1)

Characteristic polynomial for (1) is

k2" 1+ (k—1)2F"2 4+ ..+ 2241 = P/ (2) where

Plz)=2F+25"14  +2+1.

By Gauss-Lucas theorem for any polynomial @ (z) all roots of Q' lie within
the convex hull of the roots of @), that is within the smallest convex polygon
containing the roots of P. (Everywhere further we will use notation

e** instead cosa + isin a)

Since

=1
z#1

then all roots of P are simple and lie on unite circle |z| = 1 ( vertices of
regular polygon, inscribed in circle |z| = 1).

Therefore, for any root z of equation P’ (z) = 0 holds inequality |z| < 1.
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P(2)=0 < { <:>z€{ek+1|j:1,2,...,k}

Indeed, since z = ) p;ek+1 where > p; =1,p; € [0,1), j=1,2,...,k then
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Since zn =6+ ) ¢;z7, where |z;| <1,j =1,2,...,k then
j=1
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W10. (Solution by the proposer.) First we will prove, using Math.

Induction, inequality for m = n, namely inequality

n 4 pn 4 " n+1 n+l 4 pntl 4 ntl
a® + b +c S @ +b +c a3, (1)
an—l + bn—l + cn-—l - 3 ! -
1. Base of Math. Induction.
For n = 3 we have
a3+ b+ 4>a4+b4+c4 5
a2 + b% + 2 3 ' 2

Assume @ + b+ ¢ = 1 (due to homogeneity of (2) and denote
p:=ab+bc+ca,q:= abc. Since

a2+b2+c2=1—2p,a3+b3+<:3=1+3q—3p,a4+b4+c4=

=1+4q—4p+2p°

inequality (2) becomes
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Noting that p < = (<= ab+bc+ca < ) and
9> 4p—1( = Y al(a—D) (a — ¢) > 0 —Schure inequality
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in 1-p-q notation) we can see that
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