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which is the result. The proof is complete.

Paolo Perfetti

W7. (Solution by the proposer.) We have
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and A(z) = FE +x - I,,, where

10 0 0
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[en)
[en)
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Az) Ay ) (E+z-I,) (E-i—y I)=E+(z+y)E+zyl,
and because E? = nE, yields that

A(@)-A(y) =nE+ (z+y) E+ayl, = (v +y+n) E + ayl,
So

A(0)-A(l)=(n+1)E and A(2)- A(3) = (n+5) E + 61,

Hence

A0)-A(1)-A(2)-A®3) =
=(n+1D)E((n+5)E+6l,)=(n+1)(n+5E*+6(n+1)E =

=n(n+1)(n+5E+6n+1)E=(n+1)(n®+11n+6)E

W8. (Solution by the proposer.) For any two almost everywhere

an
nonzero sequences (an),s; and (bn),>; such that lim -2 =1
n—oo n

we will use notation a, ~ b, and say that sequences (@n)p>; and
(bn),>, asymptotically equal.
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Let H (n) := 1'2%..n" (hyperfactorial). Then
(n!)n+1
and, since

H(n) =~ Yol

sf (n) =127 1. n} =

2
"n!~ 1, we have
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VsFm) () Vo ¥l Yl v

1. First we will find lim \/ﬁ

nooo n/5F(n)

‘We have
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Since 1'1130 (zlnz) = 0 then function f(z):={ zlnz, f2>00, fz=0 is
-

continuous on [0,00) and, therefore,
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and, therefore,

Hence,
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n : 3 n+1l)a a
2. Let a, == ___—\/-—— Since an, ~ €4 then ( ) n+1 n+1

3 . ~ ~ 1 and,
"/ sf(n) nan an

therefore,
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Consider now

[3Y]

(an+1>n: (n+1)% \/sf(n ("+1)\/sf(n+1 oy
”‘L\l/sf(n+1) n3 vn+1

n
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1 3 n/
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1 n/
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For further we need
Lemma.
n n+1
YH(n)~e 1 n'T
Proof. Note that

where
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We have
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and then
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and, therefore,
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. Cn+1
Hence, lim =&
n—oo  Cp

= e =1 and, by Multiplicative Stolz Theorem, we have

lim {/c, = 1.

n—oo

Since
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t ' e
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then, applying Lemma, we obtain
. n+1
Vsfn) (n)»  "R/H(@n+ 1)
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Remark. Solution can be shorter in case of using the asymptotic
n ntl
VH(n) ~e 4n 2 (see [1] or [2] ).
1. Solutions in real analysis, Masayoshi Hata, page 2,Probleml1.3
2. Problems and theorems in Analysis I, G.Pélya, G.Szegd, page 50,
Problem 15.

Second solution. We will make use several times of the Cesaro—Stolz
theorem in both the most known versions (C-S1 and C-S2)
An41 Gn, . Qp+1 — an

lim a}/" = lim lim — = lim
n—oo n—=00 Gy n—oo b, n—oo bpy1 — by
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then, applying Lemma, we obtain
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Hence,
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an, sf(n+ 1) n+1

and, therefore,
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3
=ed(l+lnl)=e
Remark. Solution can be shorter in case of using the asymptotic

) ~ e ™5 (see [1] or [2] ).

1. Solutions in real analysis, Masayoshi Hata, page 2,Problem1.3

2. Problems and theorems in Analysis I, G.Pdlya, G.Szegd, page 50,
Problem 15.

Second solution. We will make use several times of the Cesaro—Stolz
theorem in both the most known versions (C-S1 and C-S2)

an+1 . a . an+1 — Q
lim a!/" = lim —=, lim — = lim + =
n—00 nsco an n—oo b, n—oo bpr1 — by
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provided that b, — oo
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We prove the

Lemma.
lim V) Wsfn) = e/
n—oo

Proof of the Lemma The first step is ILm /s f(n) = oco. We do the
n—>00
1
logarithm and study lim — In(sf(n)). For doing this we use C-S2 that is
n—oo 1
Ins f(n+1

. sf(n) . In(n+1)!
lim ———— =  —
n—1—>nc}o (n+1)2—n2 n—+rgo 2n+1
Let’s apply aggain CS-2 and get
2)!
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whence ™/sf(n) — oco. This allows us to use
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The logarithm yields
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C-S2 gives
n 2 n 2
o1 (a1 1) sf(n) N S (n+ 1)
oo I+ 1 sf(n+1) n% nooodn+ 1 1)!717
A further application of C~S2 gives
(n+2) n?
1 (n+2) = (n+1)n2
nh—>r{olo 2n+3 - (2n+1) t (i )7 T
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Performing the asymptotic expansion of the various powers, we come to

im — 1 In 627_-+12n2 +0(n™1) _ §
n—00 4
and exponentiating e3/4. End of the proof of the Lemma
It follows
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Now we prove that
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To this end first we prove.

Lemma 1.

lim ™ sf(n) =
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Proof of Lemmal

AN
) ( = )m

whose limit is clearly one because both the factors tend to one. End of proof

of Lemma 1

Now we come back to

( /57 () ) _ sf(n) _
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Now we use C-S1 and get
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Then we write using Stirling’s formula
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and this concludes the proof.

Paolo Perfetti

W9. (Solution by the proposer.) Consider recurrence

1
Ipt1 = E (-'L'n + Zn-1+ Tp_s ‘f'mn—k-f-l) n>k—1

with z, € C,n € NU {0} .

Easy to see that the sequence (Tn)n>0, originally defined by linear
homogeneous recurrence of k-degree can be equivalently defined by the
following linear nonhomogeneous recurrence of degree k — 1





