W60,2018-Infinite sum for a sequence defined recursively.
Problem with a solution proposed by Arkady Alt, San Jose , California, USA.
Let x,a, h be arbitrary real numbers such thatx > 0,a > -1,k > 0 and let sequence (x,)

H H _ _ n—+a
defined recursively by x; = x, x,.1 = g m e NUA{0}.

Explore for which 7 the infinite sum )_x, converges and find it in the case

n=1
of convergence.
Solution.

If 0 <k < 1thenfrom (n+a+h)xu =(1—h)D xi+ (a+h)x > (a+h)x follows
k=1

Yoy > (a+h)x
n+a+h
. (a+h)x = (a+h)x : - :
> A A L S A S
Since x,, > pan s LU Nand ; PR e diverge, then Ex,, diverge too.
To consider case 7 > 1 we need the lemma
Lemma.
For any positive rand a > -1,k > 1 holds inequality
h
t+a t+a t—1l+a+h
(1) <t+l+a> t+a+h t+a+h
Proof.
By Bernoulli Inequality 1+ u) >1+oau, a>1,u>-1we obtain
(t—1+a+h> ( ) B h _ _t+a
t+a+h t+a+h t+a+h t+a+h
and
t+a+1\" _ L\ h  _ t+a+h
( t+a ) _<1+t+ ) >1+t+a_ fta o
t+a t+a
t+a+h (th+a+1> -H
H _ n a — _ _ _
Slncex"+l_—n+a+hx" (n+a+h)xp =m+a+h—-1)x,—(h—1)x,
(h=1)xp=m+a+h—1)x,—(n+a+h)x1,neN
then
h=1D)D xi =D (k+a+h—1)xi—(k+a+h)xp) =
k=1 k=1

(a+h)xi—(n+a+h)x, = (@+h)x—(m+a+h)xp
~  (a+h)x—(n+a+h)xm
;xk— A .

From the other hand
. xk(k +a) k+a _ T71_k+a
gx"” H kta+th T ka_xlgxk l_[k+a+h = o ‘xﬂ k+a+h
Then, applymg inequality (1), we obtain
k+a k—1+a+h
xn<k+l+a> < Xl < xH( k+a+h

Since




ﬁ k+a _ _a+1 ﬁk—l+a+h: a+h a+1 a+1
k+1+a n+l+a’ k+a+h n+a+h n+l+a n+a+h
then
a+1 g a+h
x<n+1+a> jx””<x<n+a+h> h:>
_a+1 _a+h
2) x(n+a+h <x"+1<x<n+a+h '
Multiplying (2) by n + a + h we obtain inequality
x(a+1)" x(a+h)"
@) ————— 5 <Mmt+a+th)xm < ———~
(n+1+a)" (n+1+a)”
h h
Since 11mM = thh)hl = 0,then
=0+ 1+ a)" e (n+14+a)”
lim(n +a + h)x, = 0 and
—_ 1 S . (a+h)x-—(m+a+h)x,q  (a+h)x
2 = lim 2= i i1 “The1
So,theinfinitesumandivergeifO<h§1andconvergetomifh>1.

n=1

h—-1



