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f(z)=g(x)+9g'(z) +¢" (z)
By Rolle’s theorem there is a value ¢ € (a,b) such that
ol f®) _In(f(®)—In(f(a)) d _f'(9
1_b—aln(f(a))_ b—a —dxln(f(m))lmﬂ_f(c)

So 0= f'(c) = f(c) = g (¢) — g (c) which is equivalent to the claimed equality.

Albert Stadler

Fourth solution.

(FON _y . Wi -nf@

\fla)) = b—a

and the Lagrange’s theorem or the mean—value-theorem yields the existence of a
point ¢ € (a,b) such that

(@), =1 = LI -1 = r0=10
’ - L+ lic = (4 i 1 3C2 o=
f(c)_c+\/l+62 (14 ¢2)3 (1+cﬁ)%+(l+c2)% B
1 c+1 3c?

.= - 7+ 5
Vit (14?2 (1+c?)3

The equation f'(c) = f(c) yields

1 32

In(e + \/1_+?)—— +
1+ @)i 1+

[N 5]

that is
2> =1+ (1+¢%)%2In(c + V1 + c2)
Paolo Perfetti
00 3
W6. Solution by the proposer. Let S (xy)= Y, —— if series

n=1Tp *+ 4mn+1
converges and Sy (zn) = oo if it diverges.
Let D) = {zn | zn € Dy and S (zn) # oo} .Since D, isn’t empty ( because for
for instance if z, = ¢"~*,n € N, where ¢ € (0,1), we have
Ty + 41'n+1

n=1
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S 3(n—1) 2(n—1) 1

o0 3
( N) TLZZJ]. xn + 4$n_+_1
St +i = QZ - + 235 (yv)
1+4dzy A= on +4Tnt1 s 43:2 ‘ Yn + 4yn+1 ~ igdey O 1
where y, 1= S ,néeN.
Z2

i ~ S (xn) 1
S Di(l=y1>y2>.... >Yp > ...and S = - th

ince yn € D1 (1=y1>y2 Un and S (yn) = e 4332) en

1
S (yn) = S and, therefore, S (xy) > B +als == B> T dos + 228 =
1
SZI1|A_\/1 Y
L - ada il —L9)
We will find g := max h(z), where
x€(0,1)
h(z):=(1+42)(1-2%) =42’ —2? + 4z +1
Since b’ (z) = —122%2 — 2z + 4 = —2(3z + 2) (2z — 1) then
1 9 1 4
= m(g;i b} = b ( ) b and, therefore, S (xy) > = = o
1 1

Since S (xn) = f =q¢" 1, n€N, g€ (0,1), then for ¢ = -

ince S (xy) 14 0-0) orzy, =q" ',n€N, qge(0,1), then for q 5

we obtain

L1
~Ta

Second solution. If Tk = the equam:y occurs. Indeed

o0 2—3n+3 4

=

3 __ii_él _4
2-ntl 1 4.2-n 3 gn 341-1 9
n:1 n=1 4
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Now consider the sequence y1 =1, y2 = % +6,0<0<1/2, = 9~%+1 for k= 3.

i_i__i_yi_:é_g‘_ﬁ«__z
el Tn + 4m'n-&-l el Yn + 4Yn+1 9 e’ Yn + 4yn+1
_ = z3 vi vs
©xy + 4z To+4zs Y1 +4dye Yo t+dys
1 g 1 (3+8°
= §) l4s+4i

« i 41 i 1 |
1

_5_1 _(1+5‘°’z L o
12 31+36 2 314+ 25

2
3
5 1 4N\ 12 2 | :
B (N Py = P
> 3(1 o) o 36)+O(5) 56 +0(%) >0

Contradicting the statement.

Paolo Perfetti

Third solution. Qz; = 1, and sequence {z,} is the increasing geometric
progression,
fra=1xgl (0<g <)

z3 3n-3 g*" 2
Then Yn = = = q"—1+4q” = TTig
So
b 3 o0 00 9p_2 o omn
Ty q 1 1~=4q
B TR . a y
nzﬂxn+4a:n+1 ;y" :L;1+4q ;1+4q 1— g2

Q0<g<l,n—ooo .. 1—¢"—1,
R z® 1 it

2 e o T X T
Fla)=0+49)(1-¢*)=1-+49-4¢* (0<qg<1)
f'(q) = —2q+4—12¢°

Let f' (q) = —2q+4—12¢> =0, .. q1 = —3 (round) g2 =

. In interval (0,1), maximum values for ¢ is f (3) =
o .

.9 1 o 2\ « 9 . x 9

Ao x4 X (l—q)éz,..nz_jlmgz.

g

I
In +4:Cn.+ 1

|

o0
When g =35 ), . At this time =, = .
9= 3 s 3
n=

Chen Jianan, Lee Xueliang, Guo Meiqun, Feng Xiaoling, kong Huimin and Zheng
Nanmin
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Fourth solution. By the Cauchy-Schwarz-inequality

o0 3 )
LC . Tn (Tn + 42 =
T;In+4xn+1 Z n (Tn nt1)

n=1

2
o @} o0
9 :ETL + 4..’L'n+1 g 2
. Tn > -

n=1 n=1

o0
g Tn + 4xn+1

Again, by the Cauchy—Schwarz-1nequality

4 — 0OQ =) o0
nzlmﬂ'+ Tntl E: wn(mn-k4xn+1) E: $%—F4 E::rnxn+1

n=1 n=1 n=1
oo 2
(2) z
> n=1 - .
T o=, © , s+4y/s(s—1)
E: $n4'4 E: Iy E: $n+1
n=1 n=1 n=1

where s = Z 2=

n=1
2

3 % 4 . -
The inequality e k. is equivalent to each of

TR —4)%(1
<s2——s) _>_§5§S(s—1) ds(33 4) (6+93)20

D 81
. . 20 IB 4
which obviously holds true. So >~ =7 = 9
n_l mn

Equality holds true only if zn+4%ai1 4o constant and s = 3, which means that
y o 3

Wi

Tnil _ 2 _ n—1 el n—=2 24 - -
Zotl = ¢ for some constant ¢ implying z, = ¢* " and s = Zlc =17 = 3- 50
n=

c=3 and T, = g, 1= 1,2, .

Indeed,
2_1_1_2_ Zzﬁz‘

n=0 211. 211. n=0

wlh‘

oo
e~
xn'+4$n+1

n=1

Albert Stadler
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W7T. Solution by the proposer. Let F' := [ABC]. Since

. ' CAy i b AB; - 1B, ol
[A1CB11] = [A1AB] — [IAB;] and BC  b+c AC  a+e¢ BB;

b
= ——  then

GERaRe F b[ABB,] beF
C 1 C
AA = — BBq| = IAB,]| = =
A B = e B = e e (a+b+c)(atc)

bF beF 0 bF ((a+c)2+ab+bc—bc—02)
b+c (a+b+c)(atc) (a+b+c)(a+c)(b+c)

[A,CB,I] =

- Fab(Zetail) _F((a+b)2_cz)(2c+a+b)
T (a+b+c)(a+e)(b+c)  2(@+b+c)(atc)(b+e)

_F(a+b-c)(2c+a+b)
& 2(a+c)(b+c)

Thus

[A1CB1I]  (a+b—c)(2c+a+b)
F ~ 2(a+c)(+e)
(a+b—c)(2c+a+0b)
2(a+c)(b+c)
(a+b—c)(2c+a+b)
(a+c)(b+e)
Since a® + b? = 1 then, denoting ¢ := a + b obtain that

t<V2 (<= a+b<2(a?+b?)),

Now we will find max

Due to homogeneity of we can assume that ¢ = 1.

1. (t+1)° (@+b—c)(2c+a+b) _

(@+1)(b+1)=1+t+

2 2 7 2(a+c)(b+o)
(=124t - (E-1)(2+1)
T 2(a+1)(b+1) (t+1)2

and, therefore,

max((a+b—c)(20+a+b))_ Lo (t-1)(t+2)
2(a+c)(b+c)  0<t<v3 (t+ 1) y

1
Sincet+1<vV2+1 < t———Z\/§—1 then

+1
(t-1)(@E+2) #4+t-2 1 -
(t+1)° (t+1)° t+1

(“—21)2 S1_(\6—1)_2(‘/5‘1)2=2—\f—6+4\/§=3\/_—4
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[A1CB1 1]

and equaliy occurs iff t = /2. Thus, max = 3v/2 — 4 and can be attained

V2

onlyiff a =b= T because
a?+b% =¢? o a’® +b? = ¢?
a+b=+2c a=hb

Second solution. 2a + 25 = 2,a+/3—4,a +b2=¢2
In the AABI, set BI =z, Al =y, set {BAI = Lo, {ABI = £,
@ gl c e g

sina  sin  sin(m—a—8)  sin(a+ )
. T =+/2 sina x e, i == \/§sin6><
Spapr = 3 X 2sinasin fc? x sin (1 — a — B) — %sinasinﬁczx
Similarly avaible SAABA1 = 502 X %, SAABBl = %C2 X mx—ai%
Let S be A1CB,I except the quadrilateral area,

1 2sinasin sin a sin 23 )
‘,S: — .2 X i
5¢ sn(2a 1 5) + sin (o + 29) — V2sinasin 8
SaaBc =3 1¢? x sin2asin 243.

Now to make the minimum SAi‘ —— S0 the proportion of quadrilateral is maximized

1

S = sin 3 “ sin o B \/§sinasin5 o
SaaBc  sin(2a+ B)sin28 ' sin(a + 2@)sin2a  sin2asin2f
il o R T v
~ 2sin (2a + B) cos 8 2sin(a +2B)cosa 4cosacosB

1 1 Y3 g0

2 2
= L == =
2cosacosfB  2cosfBcosa 2cosacosfB 2cosacosf

Now to make the f(a) = 2cosacosBmax, a + 3 = T

2
. f(a) =2cosacos (;—T —a) = 2cos (%cosa—f— gsina) =

2 2
2(:os2a+\/§sinacosa—\/7— \/_(2cos a—1)+7sin2a=
2 2
= —\g_—k%co 2cx-|-—\é_sm2a— —\g_-{—sm(2oz+ 4)

max f (a) = ‘/_+1 atthlstlmea—smm—s— £+1 =5—3+2.

SaaBc
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SO S[A!(}B][] :1_ S :1_(5_3‘\/5):3\/_—4.

SaaBc SpraBc

Chen Jianan, Lee Xueliang, Guo Meiqun, Feng Xiaoling, kong Huimin and Zheng

Nanmin
Third solution. We can assume that AC = 1. We put
a = /BAC = (= angle at A). Then area (AABC) = 1 tan (a),
area(AAA,C) = L tan|g|, area (ABCBy) = § tan? () tan| 52|
1 35— 1 P
area(AABI):iAI-BIsin r—%—Z‘za :§AI-BI§=
_1ABS'IHFE—Q| ABsin|2|  |37| _
2 sin Iéfl sin‘%ﬂ 4
V3 = ol 1oy v3sin|E2|sinl§]  |cos|g| - sin|g]|sin]g]
= ~—AB?sin | 2——|sin —\:— = = T -
;- 2 2 cos? o 2 cos? ()

area (6A,CB1I) = area (AAA,C)+area (ABCB1)+area (AABI)—area (AABC).
Then

area (0A1CB1I)
area (AABC)
—;—tanl%l + 3 tan’ () tan %;a‘ + lcos@‘;:;:gla‘)l sin|#] _ 3 tan (a)
. 3 tan (a) =
_ tan|$] 1 —tan|§| |cos|§|—sin|§||sin[F[ | _
~ tan (@) (o 1+ tan|%| N sin (@) cos () i
ot 1—tan2|%| Qtani%\ e 1—tan2|%| 2tan‘%\ 1—tan|%| e
2 2 cos () 2 !1+tan‘%||2 1 —tan?|%|
u=tan|g| 1 — u? 2u 14 u?
= —1:
2 +(1+u)2+2(1+u) f )
We have
d |1—u? 2u 1+u? (1—2u—u?) (34u+2u?)
i 7t =1l = 3
du 2 (1+ u) 2(1+u) 2(1+u)

o f (u) gets minimal at the positive zero of 1 —2u — u?=0oratu=+v2-11If
tan (%) = V2 — 1 then tan (o) = 1.



Solutions of Jozsef Wildt International Mathematical Competition 937

is

So a = % and thus the right triangle with the greatest ratio is the isosceles right
triangle.

Albert Stadler

Fourth solution. We use the usual notations. If r is the inradius, then r = %”_C.

By bisector theorem we obtain that A,C = &bc and B:C = a“—_lf’c.
Yields that

S0

[AiCB1I] a+b—c a+b+2c

[ABC] = 2 (a+c)(b+o)

Because we suspect that the maximum value of this ratio is reached within an
isosceles right triangle, we demonstrate that

(a+b—c)(a+b+20) " 2v2
(a+c) T 34+2V2

V2
3+2

which yields that the greatest value is
We have:

3

(a+b—c)(a+b+2c) 21/2 .
(@+c)(b+c) T 342V2

& (3+2\/§) c(a +b)—2v2¢(a +b) < 2v/2 (a® + b? +ab)+(3+2\/§) (a —2ab+b?) &

< 3c(a+b) < 2\/5(2&2—ab+2b2) + 3 (a® — 2ab + b?)

and squared we obtain

9(a+b)* (a® +b%) <8(2a% — ab+2b*)* + 9 (a® — 2ab + b2)* +

+12v2 (2a® — ab + 2b?) (a® — 2ab + b%) &

< 32a* — 86a3b + 108a2b? — 86ab> + 32b* + 24v/2a? — 60v2a3b + 72v/2a2b%—

—60/2ab°+24v/2b* > 0 & (a — b)* (16a% — 11ab + 16b?) +6v2 (a — b)* (24 — ab + 2b°) >0,
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true, since 16a% — 1lab + 16620, 2a2 — ab + 2b” > 0. We have equality iff a = b, i.e
the triangle is isosceles right triangle.

Neculai Stanciu

WS8. Solution by the proposer. Note that
A(z?92,2%) =(@+y+ HDx+y—2)(@—y+ 2)(—z +y+z) and for positive
r,y,z we have equivalency

. (z+y>=
A (z?,y%,2°) >0 <= y+z>1T
- z+x>Y

Due symmetry and homogeneity of A (a™, b, ") >0 WLOG we assume that
a>b>1
Then for any n € N we have

A(azn,bzn,cgn) il b*+1>a"
a>b>c=1 a>b>c=1

Suppose that a > b, then

a“z(b+(a—b))">b"+n(a—b)b”‘1>b”+n(a—b)>b”+1

1
for any n > i It is contradict to b™ + 1> a” which holds for any n € N.

Thus a = b and, therefore, triangle should be isosceles with two equal sides, which
not less then third one.
Let now a = b > ¢ then

A (a™,b",c") = 2a"b" + 2b™c™ + 2¢™a” — g — b - " =
= Ac"a" — " 2> 30 > 0.

Second solution. 1).When a = b= Vg, P =V (a™,a™,a") =
2a™a™ + 2a™a™ + 2a"a" — (03“)2 - (a")2 - (a")2 — 6a2" — 3a2" = 3a® > 0.

2). When b =c¢ > a,

V (a®,b*,c?) = V (™, b, b") = 2a70" b + 247 b7 — (a™)? — () — )2 =
op2n 1 4gnb — a?® — 2b°" = 4anb” — et =a” (4b" — a™), Qb > a, . 4" >a”,
-a™(4b" —a™) >0, . (a™,b",c") > 0.

Chen Jiaﬂan Lee Xueliaﬂ Guo Niei quil, r'ellf )ﬁaﬂli.l.mr kong Huimin and Zhen
9 ) q ’ & 27 S
Nanmin
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Third solution. By symmetry we can assume that a < b < ¢. We distinguish two
cases:
a). b<ec

A(a™, b, ) = — (a™ — b™)® + 26" (a™ + b)) — 2" < 2c™ (@™ +b") — " =

n bn
=c2"(—1+2“ L ><o
cn

< 1.

oo

o . oo IR T TR . a I
if n is sufficiently big, since £+ < 1,
k). b=e

A (a",b™,0") = 4a™b" — a®® = o™ (4" — a") > 0,

for all natural numbers n. So A (a™,b™,¢™) > 0 for any natural number n if and
only if a, b, c form the sides of an isosceles triangle whose third side is smaller than
the two legs or a, b, ¢ form the sides of an equilateral triangle.

Albert Stadle

W9. Solution by the proposer. a) Follows immediately from inequality
s2 < 4R? + 4Rr + 3r2. Really,

RP—4r’> <. (s*-27?) < s’ <BR?+7r? =

1
)
0 < (4R? +4Rr 4 3r2 — s%) + (R —2r)%.

b) Recall ( [1]), that a triple (R,7,s) of positive real numbers can determine a
triangle, where R, 7, and s be a circumradius, inradius and semiperimeter
respectively iff (R,r,s) € A:={(R,r,s)|R>2r and L(R,7)<s>< M (R,r)}
where

L(R,r)=2R*+10Rr — > —2(R—2r)\/R(R - 2r)

and

M (R,r) =2R* +10Rr — 2 4+ 2(R - 2r) /R (R — 2r).

Since a triangle is equilateral iff R = 2r then set

A :={(R,7,s) | (R,r,s) € A and R # 2r}

determine all non-equilateral triangles.
Thus,

2 2

R? — 4r? R2 — 472
max K = min ———— = min { min ———— | = min
(Rrs)ea 87 —27r?  R>2r ( s2 — 27T3) Rr>2r M (R, ) 27r2

| ey
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e R? — 4r2 S R+2r
— — 1 —
>2r 2R2 + 10Rr — 28r2 + 2 (R — 2r) VR (R — 2r) R>2r 2R — 14r + 2+/R(R — 2r)
14 2r
= min R

R>2r 2r or
2—-7-— 2\/1——
R+ R

2
Denoting t := \/1 - —1% we obtain that ¢ € (0,1) and, therefore,

2 —t2 23 + /17
K* fo— K ] 1 — 5
max B = o) 9+ 2t — 782 8
23 + /17 2 — t2
because —1_1-2—8—\/—: is smallest real k for which equation TS = k have
solution in (0,1).
Indeed, if equation —l——t—z—— = k have solution then
iR 9+2t— T2
2 _2=k(9+2t—Tt?) <> (Thk—1)t* -2kt -9k +2=0
yields
. 23 17
K2+ (Tk—1) (9% —2) =64k* =28k +220 = k2 —%;1_— .
e et 23 + V17 .
Since for k, := ————— equation
128
-
G4 AT
have only solution
k. 23 + V17 5— 17
By = _Lrvel o € (0,1)
then
, 348 giiql 23 + V17
K. = min = = .
t€(0,1) 9 + 2t — 7t2 9+ 2t, — Tt2 128

So, for any triangle holds inequality

23 17
R? —4r? > —_:T—;f— (s* - 27r?)
23 + /17

and not exist constant K > which provide inequality in (b).

128
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)i Bz—4r2_2b .
) RSar s _o72 g Decause
R2 — 42 o
2R? + 10Rr — 282+ 2(R—2r)\/R(R - 2r) ~
R? — 4r? R? — 4r?
% = 5 < — =
s* =27r> = 2R2 4 10Rr — 28r2 — 2 (R — 2r) /R (R — 2r)
R+2r <R2—4r2< R+ 2r .
2R+14r+2/R(R-2r) ~ s2—27r2 = R 1 14r — 2 R(R-2r)
R+2r R+2r 2

lim = lim —
R=2r 2R+ 14r +2\/R(R—2r) R-2r2R 4 14r — 2 R(R-2r) 9

(1] D.S.Mitrinovic,J.E.Pecaric,V. Volnec.Recent Advances In Geometric Inequalities.

Second solution. Let a,b and ¢ be the sides of the triangle, and let A be its area.
Then

a+b+c abe A
S_—Q—,A_\/s(s-a)(s—b)s—c,R—M,r-?

Letz=b+c—a,y=c+a—-bz=a+b—-c Thenzzo,ygo,zgo,x+yzgc,
Y+z=20,z2+x=2b,z+y+z=a+b+ec We express s, R, 7 in terms of z,y, z :

s s A 4\/.ryz (:r+y+b), R VN 8/zyz(z+ytz) ’ s 2\ z+y+2
Then '
: (z+9)? (y+2) (2 +x)* Tyz
PR R? — 4p2 .t 64zyz(z+y+z) Tyt =
J\E Yy, &) 0 s2—97r2 (m_}-z)? _ 27xyz
2 4(z+y+z)

_(=+ v’ (y+2)% (2 + )% - 64 (zyz)?
17zyz ((m +y+2)°% - 27:cyz)

_ 4y (y+2) (z+2) - 8ayz) (2 +y) (y + 2) (= + 2) + 8zyz)
16zyz ((r +y+2)° - 27zyz)

f(z,y,z) is a symmetric function in z,y,z. We can assume without loss of
generality that = < y < z. We claim that

f(z,y,2) zf(fﬂ,”y,z) if z > %ﬁ

2 2
Indeed

- 4
f(-'t+y z+y \__ @+y)’ (5 +2) —d@+y)t? B

n N NG Vd 3 o 9
/ 4(m+y)“z((a:+y+z) —%Z(a:-ky)zz)
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(252 + 2)" —_4(z+y)’E
(4( z+y+z2)°—2T(@@+Y) g)

(\(E%qi+;)2_2($+y)z) ((%ﬁ+z)2+2(w+y)2) 3

:(z+y—2:)2(4x+4y+z)

(:13+y)2+1‘2(1:+y):+4z2
162 (4(:1:+y)+:)

‘z+y T+Y (z+y) (y—i—..\z (2 + x)° ~64(,cy~)
f(z,y,2)— f R ,;):/ —
16zyz ((z +y + 2) —27.]3}}/,,)

($+-y)2+12(m+y)z+4z2
162 (4 (x +y +2))

(x—y)g(:z:+'y+z) (z4+5(3:+y)z3+(43:2—3xy+4y2)z2—6asy(a:+y)z—1:y(m+y)2)

16zyz ((m +y+ z2)° — ‘27$yz) (4z + 4y + 2)
as is easily verified. By the AM-GM inequality (x+y+ 2)3 —97ryz > 0.1t is

sufficient to prove that

g(z,y,2) = A4+5(x+y)2 (4.26 —3;ry+4y2) z —6:cy(w+y),,—:r:y(ﬂlc+y)2 >0
(2)

for z > 512'-9-

We note that

T+Y 27
it - > 0

Furthermore

) ;
azg(w,y,z):4z3+15($+y)22+2(4x2—3my+4y2)z—6my(1‘+y)2

T+Y . z+Y Ty
24( s )+15($+y)(——— +2(4x2—3zy+4y2)( > )—6my(m+y):

rT+Y
2

(x+Y) (331102 —2xy + 33y2) >0 forz >

| =

So

s
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-

T+yY 0
o) =g (e ) + [ Zowunazo
2
and (2) and thus (1) follows.
We conclude that
2 ., . 0y
min - f(z,y,2) = min f(¢,¢,z) = min (2t ) el P —
z,y,z>0" VI tz>0" z,2>0 16z (4 (2t) =t Z)
_ g L6tz + 22 — g L 62 +22
T 4250 4z(8t+z) | 2>0 4z (8+2)
We have
d 1+46z+ 22 22— g4

dz 4z (8+3z) 2z2(8+ 2)?
So the minimum is assumed for z = HT‘/ﬁ so that
1+ 6z+ 22 1+62z+22 23++17

,min fz,y,2) = M LBTe)  m LBz 1m O 021899>02

So the maximum value for the constant K equals 231”2‘5{_ This proves a) and b). We
have, by the AM-GM inequality,

" (z+y)(y+2)(z+2) - 2./Ty2,/yz2\/zx » VZYz o
8Vayz(z+y+z) ~ 8Vmyz(x+y+z) Jz+y+z)
with equality if and only if z = y = 2. So, by (1),

R? — 4r2 t* +6tz 422 2 -
lim ————— = lim (¢,t,2) = lim ————— == = 0,2
T N TR

Albert Stadler

Third solution. a). Letting a, b, ¢ be the sides of the triangle, we know that a).
r=+/(s—a)(s—b)(s—c)/s, R =2(abc)/(r(a+ b+ c)). Moreover we define the
classical change z = b+ ¢ — a and cyclic. By observing that

(z+y)(y+2)(z+z) = (x+y+ 2)(zy + yz + 22) — 2Y2, the inequality becomes

((z+y+z)(ry+yz+zm) TYz )2_ TYz >l (z+y+2)°? 2Txyz
64(z +

+ 2)zyz t+y+z— 5 4 Az +y+2)

Now we define the new varia

r+y+z=3u, zy+yz+zz=3% zyz=uwd
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Trivial AGM vyields w < v < u. The inequality becomes

3 13w8 + w3(—10uv? — 48u?) + 45u?v?)

: >0
64 uw3 -

P(w?) = 13w® + w3(—10uv? — 48u3) + 45u%v* > 0

The minimum od the parabola P{w?) occurs at wj = 23u® + Suv? but this is
forbidden because w?® < v® < u3. This means that the range of the values of w?® is
contained in [0,w3) and in this interval the parabola decreases. It follows that
P(w?3) > 0 if and only if it holds at the extreme value of w? and the standard theory

states that this happens when x = y or cyclic. If x = y the inequality becomes

106y -2z 420y —2)°
16 (2y + 2)z =

which clearly holds.

b). It is equivalent to find the smallest number @ such that

Q((a;-l—y-}-z)(a:y—}-yz—}—zm)—myz)z_ TYyz 1 ((I+y+z)2 _ 2Tzyz \
64(z +y + z)zyz T+y+z 5\ 4 dlze+y+2z2))

which is equivalent via the change x = b + ¢ — a and cyclic to

1 9Quv? — w3(48u® + 2Quv?) + wb(48 — 7Q)

>0
64 uw3 -

which is equivalent to to P(v?) = 9Qu?v* — 2Quv?w3 — w348u3 + wb(48 — 7Q) > 0.
The minimum of the parabola P(v?) occurs at

3 v3

R, (U
v 9u — v

©o| %

This means that the range of the parabola is contained in (0, w3/(9u)) and in this
range the parabola decreases. Therefore the inequality holds if and only if it holds
when v? assumes its maximum value. This in turn holds when at least two of the

variables z, ¥, z are equal so we suppose z = y and get

LFT z)zQzﬁ + 6yQz — 32yz + Q2% — 4z
16 (2y + 2)z

If @ > 16/3 every addend of the numerator is nonnegative. If Q < 16/3 we need

23 — /17 23+ V17

2,/Q(Q —4) > 6Q — 32 <@ =T



Solutions of J6zsef Wildt International Mathematical Competition 945

and since 16/3 < (23 4+ v/17)/4 it follows that the searched number Q is
(23 — V/17) /4. The greatest K is then (23 + 1/17)/128

c). The limit is 2/9. Indeed we have R = 2r if and only if the triangle is equilateral
so we let (z,y,z) — (p,p,p) in

((z+y+2)(zy+yz+zz)—zyz)? TYZ
S 7 64(x+y+z)zyz - zt+y+z 2 : F1($y Z)
¥ (‘:vavz = > P
(z+y+2)? 27ryz 9 Fy(z,y,z)
4 4(z+y+z)

and make the limit
lim Flp+o,p+B,p+7)

(a,3,7)—(0,0,0)
Filp+a,p+B,p+v) =
= —96p*(a3 + B3 + %) — 576p*yBa + 144p? Za25 +0((a® + B +42)?)

sym

Fyp+a,p+B,p+7) =
=3888p° » (a® — af) +5616p* > _o® +1296p* Y " a?B — 24624p*apy +

cyc cyc sym

+0((a® + 82 ++%)?)

The linear change of coordinates

2
GRS R - DV SACEOS. I a

.1 ,_a_ 2
V3 V2 /e 3 V2 V6 Y3 VB

sets F and F; as functions of (r, s,t) as (it diagonalizes the leading quadratic term
of Fg)

t

Fy — 12p*V6t3 — 216p*s*tv/6 + O((r? + s2 + t2)?)
F> — 5832p° (s2+t2)+9720v/3p r (s +1%) —1944p* s> V61 +648p*t3 V6 +0((r’ +s%+t2)?)

We observe that |Fy| < Ct(s? +t2) while F» = 5832p°(s? + t2) + o(r? + 5% + t?) and
then the limit equals zero proving the result.

Paolo Perfetti

W10. Solution by the proposer. Evidently

b c 1
2+ +P+2%be=1 &= —+—+—+2=—
bc ca ab abe
u b c -
If we call ;- =z, — =y, — = z, we can read the constraint as
= ca ab

rc+y+z4+2=ayz




