W58. Fibonacci numbers and divisibility 2.

Problem with a solution proposed by Arkady Alt, San Jose , California, USA.
Let f, be n — th Fibonacci number defined by recurrence f,.1 —f, — fi-1 = 0,n € N
and initial conditions f, = 0,/1 = 1.

Prove that (512 + 3n — 2)f, — 6nf,.:1 is divisible by 50 for any n € N

Solution.

2 —_ J—
Let b, = 203 Sf))f” On/n1 e NU {03. Then ko = 0,1, = 0.
Note that /., — (5 + 1243+ 1) =2)fuer = 6(n + Vfr
n+l — 50 —

(5n? + 130+ 6)fe1 —6(n+ 1) (fur1 + /1) n(5n+ T)fne1 — 6(n + 1)f,
50 - 50 '

Then
C m+DEm+ D)+ D — 6+ 2)frer (502 + 170+ 12)(frar + fu) — 6(n + 2)foi
= 30 - 50
2
(5n2 + 17n + 12)?6+ nn+ 10t o erefore,

R S (5n> + 1Tn + 12)fo + n(Sn+ 11)foer n(Sn+ T)fpn =6+ 1)fs
n+2 n+l n 50 50

(5n% +3n = 2)f, — 6nfp _ nfan +2(m+ 1)f,

50 5

nfn+1 +25(1’l+ l)fn , n€E NU{O} Thengo = 0,g1 = T =1 and
_ 4 Dfua +20m+2)fon _ (n+ D(fant +/0) + 200+ ) _

we have g, = 5
(n+ 1), + Bn+5)fnu _ (n—=1)fn+2nfi.r  (n=1)fn +20(fn1 —fn) _

h n+2

> + 4f1

Letg, =

. Also, g,

5 5 N 5
2nfp — (n+ 1)fy
5 .
Hence,
+ 1)+ Bn+5)f, w1 +2(m+ D 2nfna — (n+ D)
oo~ g = Lot Cn 4 SV tfon + 20+ Dfy _ o= (0t Dy _

Since g, is integer forany n € NU {0} (go = 0,21 = 1 and gn+1 = gn + gn-1 + fur1,n € N)
and A, = hyy + hy + go,n € NU {0}, where hyg = hy = 0 then forany n e NU {0}
h, is integer as well.



