Fibonacci numbers and divisibility.

Problem with a solution proposed by Arkady Alt, San Jose , California, USA.
Let f, be n — th Fibonacci number defined by recurrence f,.1 —f, —fs-1 = 0,n € N
and initial conditions f, = 0,/ = 1. Prove that for any n € N

(n—1)(n+1)2nfys1 — (n+6)f,) is divisible by 150 for any n € N.

Solution.
Lets, = (n = D+ D@Afwrr = 1+ 6)/n) neNU{0}.Thenso=0,s; =0
" 150 ’ ’ ’ '
Note that s, = nmn+2)2m+ 1)fp2— M+ 7))
e 150 B
nn+2)2m+ 1)(fur +fn) — (m+7)fur1) _ nn+2)((n—=5)fn1 +2(n+1)fy)
150 150
and s, | = (n=2)n@2n - 1)fn =(n+5)fn1) _ (n=2)n@2n = 1)fs = (n+5)(far1 —fn)) _
" 150 150
(n—2)n(3(n+ 115){)’,, —(m+5)fu1) . Hence,
g g = nn+2)(n =5 +2m+1)fn)  (m-D@E+1D)C2nafus —(+6)fn)
n+l n n—1 150 150
(n—=2)nBm+ 1)f — (n+5)fn) (50 +3n—2)f, — 6nfy.
2150 B 50 ’
Let h, = 20 F3n _Sf))f” =61/l e NU {0}, Then ho = 0,11 = 0.
S5n+1)2+3n+1)=2)frs1 — 6(n + 1)fs
Noting that 7,1 = Gt ) +30n+ )50 Mt = 601 + 1)/ -
(5n* + 13n + 6)fn+156 6(n+ D)ot +/fu) _ n(5n+ 7)f,,+510— 6(+Dfs e obtain
- (m+ 1)+ 1)+ TNfp2—6(m+2)fn1 (5n? + 17n + 12)(fur1 + 1) — 6(n + 2)fri1
e 50 B 50 B
2
(5n% + 17n + 12)?6+ A+ 1Dft oo i ersfore,
bk b - Gn? +17n+ 12)f + n(Sn+ 11)fpr n(Sn+ 1)fp — 6(n + 1)f;,
nt2 — Hp+l — Hp — - -
50 50
(5n? +3n=2)fy —6nfus1  nfpa +2(m+ 1)f,,
50 B 5 )
Let g, = ! +25(n+ Do ,neNU{0 Thengo = 0,g; = %% =1 and
we have g, - (n+ Dfua +2+2)fner - (n+ Do +/0) + 20+ 2)fon
n+ 5 5
(n+ 1)y + Bn+5)fnu Also  (m=1)fu+2nfir  (n= 1) +20(fun —fn)
5 - A0, Enet = 5 - 5 -
2nfu — (n+ 1)f,
5 .
Hence,

+ 1), +Bn+5)f, 1 +2m+ D) 2nfhe — (n+ 1),
oot —gn— gy = Lot G Vot o +2004 Dy 2 =02 D _p

Since g, is integer for any n € NU {0} (By Math Induction because go = 0,g; = 1 and

gntl = gn + gn-1 + fus1,n € N)
and /u2 = hper + hy + gn,n € NU {0}, where ho = h; = 0then forany n € NU {0}
h, is integer as well. Thus, s,.1 = s, + 541 + hy,n € NU {0}, where so = 0,51 =0



and 4, is integer for any n € NU {0}.Hence, again by Math Induction, we can conclude
that
sn is integer forany n € NU {0}.



