
Problem with a solution proposed by Arkady Alt , San Jose , California, USA.

One inequality with vanished variables in a triangle.

Let a,b,c be side lengths of a triangle ABC and x,y, z be non-negative real numbers

such that x  y  z  1 and let R be circumradius of this triangle. Prove that
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Solution.

Let P be point in ABC with barycentric coordinates pa,pb,pc  x,y, z.

Let Ra : PA,Rb  PB,Rc : PC and Ap,Bp,Cp be foots of perpendiculars

from P to sides BC,CA,AB respectively. Also we denote via da : PAp,

db : PBp,dc : PCp and ap : BpCp,bp : CpAp,cp : ApBp (side lengths of pedal

triangle ApBpCp). Let F : ABC and Fa : PBC,Fb : PCA,Fc : PAB.
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Also, since quadrilateral ABpPCp cyclic with diameter Ra, by Sine Theorem
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2 :



(2) Ra
2  pbc2  pcb2  pbpca2  pcpab2  papbc2 .

Since pa  ada
2F
,pb  bdb

2F
,pc 

cdc
2F

then pbc2  pcb2  bc2db
2F

 b
2cdc
2F



bc
2F

cdb  bcdc and applying inequality aRa  cdb  bdc we obtain

pbc2  pcb2  abcRa
2F

 2RRa .

Since pb  bdb
2F

and pc 
cdc
2F

then pbpca2  a2b2c2

4F2
 dbdc
bc

 4R2  dbdc
bc

.

Thus, Ra
2  pbc2  pcb2  pbpca2  pcpab2  papbc2  2RRa  4R2 

cyclic

dbdc
bc



R  Ra
2  R2  4R2

cyc

dbdc
bc

 
cyc

dbdc
bc

 1
4
and, therefore,

a2yz  b2zx  c2xy  
cyc

pbpca2  
cyc

bdb
2F

 cdc
2F
a2  

cyc

a2bcdbdc
4F2



a2b2c2

4F2

cyc

dbdc
bc

 4R2
cyc

dbdc
bc

 4R2  1
4

 R2.


