Problem with a solution proposed by Arkady Alt , San Jose , California, USA.
One inequality with vanished variables in a triangle.
Let a,b,c be side lengths of a triangle ABC and x, y,z be non-negative real numbers
such that x + y+z = 1 and let R be circumradius of this triangle. Prove that

a’yz + b%zx + c*xy < R?

Solution.

Let P be point in A4ABC with barycentric coordinates (p.,ps,p:) = (x,,2).

Let R, := PA,Ry = PB,R. := PC and 4,,B,,C, be foots of perpendiculars

from P to sides BC,CA,AB respectively. Also we denote via d, := PA4,,

dy := PB,,d. = PC, and a, := B,C,,b, := C,A4,,c, = A,B, (side lengths of pedal
triangle 4,B,C,). Let F .= [ABC] and F, := [PBC],F}, := [PCA],F. := [PAB].
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Since £ B,PC, = 180° — 4 then, by Cos-Theorem, a} = d} + d? + 2d,d. cos A
_b2+c?-a?
and cos4 = Ybe .
2
Using d = 2pbbF d. = M and cos4 = bz% we obtain:
a2 = 4pi + 4p2F? 4PchF b2+t —a® _
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b2 > (pzc2 +pib? + pppc(b? +c* —a?)) =
b2 > = 0o = pe = pa)e? + pe(l = pa — po)b? + pupe(b? + ¢ - a?)) =
b2 5 (pr +peb? — pppea’ — pepab? — pappc?). Since abe = 4FR
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then A - 4a°l” _ a’F~ an4 therefore,
b2c? azl)2c2 4R?
1) a= b* = pepea® = pepab® = papic?).
Also, since quadrilateral 4B,PC, cyclic with diameter R,, by Sine Theorem
we obtain a, = Rasind = R+ 5% = "21;“ .

aR,

R ) we obtain barycentric representation for R? :

By substitution a, =



(2) |R: = psc? +pcb? — pppea’ — pepab? — papic?
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b—;(cdb + bcd.) and applying inequallty aR, > cdp, + bd. we obtain

bc*dy | bPcd. _

then pyc? + p.b? =

Since p, =

pyc? +pcb? < % = 2RR, .
_ bdy _ cd, 2 _ a?b’c? | dvde _ gpo, dide
Since p, o and p. o then pyp.a 1P e 4R e
Thus, B2 = puc® + peb? = puped® — pepab’® — papsc® < 2RRy — 4R> " % =

cyclic

(R-R,)*<R? —4R22M = Yy == dpde < 1 gng therefore,
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a*yz + b*zx + c¢*xy = Y_pppca’ = Z bdy | 026;5 a2 =) 40cdde bc‘é”d‘f -
cye cye 4F
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