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u2n+l . ,U2n+1 ,U2n+1 ES w2n+1 w2n+1 [ u2n+1

Topay =
u—v v—w w—u

We have successively,
T2n 1= u2n 2 u2n—1v + U’U2n_1 + ,U2n + U2n + U2n—1w 1 vw?n—l i
+
+ (W 4wy w1 4 u’t) =
2n
—25(n) 4 Z (u2n—k,uk L p2nkyk ,w2n—kuk) _
k=1
n
re 25(2n) 2 Z(u2n—kvk + ukv2n—k + ,U2n—k:,wk i ,Uk,w2n—k+
k=1

n
_+_,w2n—kuk + wku2n—k) = 25(2n) + Z[(u2n—k + vk + ,w2n—k).
k=1

: (uk Lok 4 wk) o5 (u2'n, 1 2n +w2n)] -

25Cn) 4 Z (S(%—k)s(k) H 5(2n)) =(2-n)S@ 4 Z 5 (2n—k) (k)
k=1 k=1

How the sums S*) are integers, then the sum T, ; is also an integer.
W28. Solution by the proposer. Since

Foy1- Foo1 = F) = (—1)" (Cassini identity)

then for

(an yO) T ((_1)n Fn—la (_1)n Fn)

we have

Fn—l-le_FnyO =Fn+1 : (—l)nFn—l — By (_l)nFn:

= (-1)" (Fa41- Foo1 — F2) =1
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and, therefore
Fn+11' = Fny =1& Fn+1CL’ — F Fn+1 ( 1) -1 — Fn ( 1) n <&

S Fp@—(C1)"Fa)=Fy-(-)"R) e

<:>{ :B—(—-l)nF g =t <:>{ l‘=tFn—|—(—1)nFn_1
~{= 1) Fo1=1tFn1 y:tFn+1+(_1)nFn

te Z. Thus

Dy ={(z,y) |z = tFp + (=1)" Fa—1,y = tFnt1 + (=1)" Fn,t € Z}

i [+ gl = mip ¢ (Bt Faga) + (1) (Fact + )| =i ()

where ¢ (t) := [tFpi2 + (—=1)" Fota]| .

Since
—1)F,
tFsg + (—1)* Fopy = 040 t = 8, 1= S Fit
Fn+2
and
Fn+1
ti| = S |
|t4] Fra

then integer t which minimize ¢ (t) must be among to t, integers, that is.
Thus

min ¢ (t) = te{rg}%’l}w(t) =min{p (0),¢(1),¢(-1)} =

= min {Fyt1, |[Fate + (—=1)" Fpgal, |—Fny2 + (=1)" Foial}
If n is odd then

min {Fn+1, IFn+2 + (“‘1) n+1| | n+2 T ( l)n Fn+1|} —

=min {Fyt1, Fat2 — Fnt1, Foyo + Fag1} =
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= min {Fn+1, Fy, Frys} = P (1)

If n is even then
min {F, 1, Foro+ Fyyy, |—Fria + Fowl} =
=min{Friy, Foi3, Fp} = o (~1)
So,
s |z +yl = F,

b).

lml + ’yl = ltFn < (_l)nFn—ll i ,tFn+1 + (‘l)n Fn’
By replacing ¢ with (=1)""¢ we obtain

lz| + |y| = |tF, — Fo 1|+ tFhy1 — Fy| =

max{]tFn —F, 1+ th,11 — Fnl ; ltFn —F,_1— tFhq1 + Fn'} =

Zmax{lt(Fn+Fn+1)_(Fn—l +Fn)l>,t(Fn*Fn+1)+Fn_Fn—1|}=

= ma*x{‘tFn+2 = Fn-i—l‘ ) ,_Fn—lt = Fn—2l} T

= Inax {ltFn+2 - Fn-f—l' ) ,Fn—lt - Fn—2'}
Lemma. Let p, ¢>0,a,b€e R. Then

min (max {|pz — of gz — b]}) = 194 = 2]

TER p+q

0 : _ a+b
and attained if x — b

Proof. First note milr% (max {|pz — af, |qz — b[}) = mint where ¢ provide
TE

solvability of inequality
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t>|pr—a

tzmax{lp-’f/*auqx‘b'}@{t;IfI)x—bl
—t<pr—a<t p =7 StTa

@{_tgqx—bgt @{9;—5 et

—t b—t t t+b
@max{a ,—}Sxﬁmin{ +a,i} (1)

p q

Condition of solvability is

a—-t
p
b—t
q

b <t Jag—b
< q — bp|
@{pgig S, &St

INIA
o
S
3

Thus

o)) = lag — bp

min (max {|pz —a, gz ~ e

Assuming WLOG that aq > bp, by substitution ¢ = GZT_Z’;I’ in inequality (1)
we obtain z = 22, Indeed,

p+q
—pb —pb
t+a “;LZ +a  2aq+ap—bp t+b a,q,TZ‘i‘b_a+b
p p plp+a) ¢ q p+q

and

'2aq+ap—bp_a+b 2 ag-— pb
p(p+q) p+q p pt+g

< a+b a+b < £y )
Hence z o . Similarly we can obtain pig ST So, x = ——p i+

Corollary. Let p > ¢ then

lag — bp

min (|pz — a| + |gqx — b|) =
mip (1pz — of + lgo — ) = 0

Proof. Since
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lm%%d+mm—w=anﬂ@+qM*%a+®LKP—@w—w—®|
then by Lemma

lpe — af + |gz — b > 1@+ 8) (P—q) - (@a=)(P+q)| _ |ag—by

(P+a)+(p—q) p
and equality occurs iff
_(a+b)+(a—b) 2a_g
-+ + -9 P

So,
. lag — bp
min (|pz — a| + |gz — b]) = ey
and attained if ¢ = %.

Application. Since

"T, + ,y' == ltFn e Fn—l—l, + ,tFn+1 = Fn,

and Fy,11 > F, then by Corollary for real ¢ mimmum of
[tFn — Fug1| + [tFpyq — Fy| attained if ¢, = _—:— < 1 and closest to ¢,
integer values of ¢ are ¢ = 1 and t = (. Therefore

in tF, — F, —F | =
rtréléll E, n+1,+,tFn+l nl

= mln{IO - F, — Fn+1, + IO . Fn+1 —Fn' . l]. - F, —Fn+1, + ,1 . Fn+1 —Fnl}

:min{Fn—l‘f‘Fn,Fn-Fn—l +Fn+1 —Fn}:min{Fn-I-laFn}:Fn
c).
x2+y%=aﬂf—ﬂkg2+aﬂwl—pmzz

:(33+Eg02—2E4E%1+Ewﬂt+af+ﬁﬁ4)

Since
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F’I%—l + Fz = F2TL—1 and Fn (Fn+1 + Fn—l) = F2n

then

1’2 + y2 = F2n+1t2 —2F5t + Fon g

Quadratic trinomial an+1t2 — 2Fy,t + F5,_1 attain minimum in R when

= F—fx—l < 1 and, therefore, minimum in Z can be attained in one of two

integer points closest to Ff Zil, that is when t =0 or t = 1.
Thus

min (x2 + y2) =
= min { Fant1 - 02 — 2Fpn - 0+ Fon1, Fony1- 1> = 2Fpn - 1+ Fon1 } =

= min {Fon_1, Fon+1 — 2Fon + Fon_1} = min {Fop_1, Fon—3} = Fon_3

W29. Solution by the proposer. Let P be a point in AABC with
barycentric coordinates

(pa,pb,Pc) = (CE, Y, Z)

Let R, := PA, Ry = PB, R := PC and A,, By, Cp be foots of
perpendiculars from P to sides BC,CA, AB respectively. Also, we denote via

dy == PAy,dy := PBp,d. := PC,
and
ap := BpCp, by := CpAp, cp := A,B,
(side lengths of pedal triangle ApBpCp). Let F':= [ABC] and
F, := [PBC], F, := [PCA|, F. := [PAB].
Then



