Minimization in Fibonacci Domain.

Problem with a solution proposed by Arkady Alt , San Jose , California, USA

For any fixed natural nlet D, == {(x,) | x,y € Zand F,ux—F,y = 1},where F, is n—th
Fibonacci number. Find:
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b) min (x| + D
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)(x,y)ep,,( )

Solution.

Since F,y1 « F,1 — F2 = (=1)" (Cassini identity) then for (xo,y0) = ((=1)"F,-1,(=1)"F,)

we have Faxo —Fnyo =F e (—1)”Fn_1 -F, - (—l)nFn = (—l)n(F,Hl < F —F%) =1

and, therefore,

Frix=Fy,y=1 Fuux—Fy=Fu+(1)'Fog=F,« (-1)'Fy & Fpa(x— (=1)'Fp1) =
X — (—1)”Fn_1 =tF, x=tF,+ (—1)”Fn_1

Faly = (-1)"F,) < ) = rer.
Y= (=1)"F, = tFpu Y = tF + (=1)"F,

Thus, D, = {(x,y) | x =tFy+ (-1)"Fyp1,y = tFpa + (-1)"'Fy,t € Z }
a) min [x+y| = min[t(F, + Fp1) + (=1)"(Fpo1 + Fu)| = mine(2),
(xy)eDy el ez

where ¢(¢) = [tFp2 + (=1)"Fui).
= (_l)nHF’”l _ Fun

Since tFy2 + (-1)"Fp =0 & t = t, = ——=—"— and |t.| = F*- < 1 then integer ¢
F,,+2 Fn+2

which minimize ¢(¢) must be among closest to ¢. integers, that is .

Thus, minp(r) = min () = min{p(0).¢(1).¢(-1)} =

min{F,,H, |F,,+2 + (—1 )nFn+1 |, |—Fn+2 + (—1 )nF,,H |}
If nis odd then min{Fn+1, |Fn+2 + (—1)”F,,+1 |, |—F,,+2 + (—1)”Fn+1 |} =
min{Fn+1,Fn+2 —Fui1, P + Fn+1} = min{Fn+1,Fn,Fn+3} =F, = (P(l),
If nis even then min{F,,+1,F,,+2 +Fn+1,|—F,,+2 + Fo |} = min{Fn+1,Fn+3,Fn} =F, = (p(—l)
So, min |x+y| = F,.

(D
b) x|+ | = [tFn + (=1)"Fpoi| + |tF i1 + (=1)"F|.
By replacing ¢ with (—=1)""'t we obtain |x|+ |[y| = [tF, — Fu_i| + [tFu1 — Fa| =
max{ [tF, = Fp1 + tFpa = Fyl, [tFy = Fyy = tF o + Fa} =
max{ [((Fy + Fu1) = (Ft + Fo)l, [t(Fy = Fut) + Fo = Fpt | p =
max{ [tFp2 = Futl, |FFaat + Froly = max{ |[tFr2 = Fpul, [Fait = Foal}p.
Lemma.

' _ _ _ lag - bp|
Let p,qg > 0,a,b € R.Then r)rclelkn<max{ lpx —al, |gx b|}> = —¥g
a+b

and attained if x = ETR

Proof.
First note that 1}1€ikn<max{ px —al, lgx - b|} ) = mint where

t provide solvability of inequality 7 > max{ |px —al, |gx - b[} <
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a—t - t+b (a—1) < p(t+b)
Condition of solvability is P 7 S QTeTU=P
bot < i p(b—1) < q(t +a)

~

aq —pb <
— < — —
{q(a nEpe+b) _ ) pTg o lag-pbl _,

p(b—1) < q(t+a) pb-aq _, p+q
p+tq —
. aq — pb
Thus, rgw(max{ lpx —al, |qx—b|}> = %
Assuming WLOG that aq > pb, by substitution ¢ = ag ;zb in inequality (1) we obtain
_a+b
YT orq , ,
agq —p aq —p
ndeed. Lta - PTq_ "4 _ 2aqrap-bp yib _ prq TP 4up
P P pp+q) ° 4 q pP+q
2ag+ap—bp _q+b _ 2  aq—bp a+b
and 2+ ) ET IR AT 20.Hence,x§p+q.
- . a+b _a+b
Similarly we can obtain EX < x.S0,x EXR
Corollary.
. aq— b,
Letp > g then nxgkn< |px—a|+|qx—b|> = %

Proof.

Since |px — al+lgx - b| = max{|(p + ¢)x — (a + b} |(p — ¢)x — (a — b) [}

a+b)p-q)—(@=-b)p+q)| _ lag—bpl
P+q)+@-9q) P

(@a+b)+(a=b) 24 g4

and equality occurs iff x = = = L&
quatty pra)+p-q) 20 P

then by Lemma px — al+jgx — b| >

: _ lag - bp| ined if ¥ —
So, %{1( px — al+lgx — b|) = -~~~ and attained if x = &
Application.
Since |x|+|y| = |tF» — Fu1| + |tFua — Fuland F,1 > F, then by Corollary for real ¢

Fy
1?n+1
integer values of rare r = 1 and ¢ = 0. Therefore, r?izn|tF,, —Fpi|+ |[tFnn — Fnu| =

min{|0 « £y — Fpy| 4|0« Frig = Ful,|1 « Fy = Fot|+ |1« Fpiy — Fa|} =

min{F,_1 + Fn, Fy — Fp1 + Fpn — Fyp = min{F 1, Fy = F.

C)x2+y2 = (tFy — Fu)> + (tF w1 — Fp)* = (F2+ F2 )2 = 2F,(Fpo1 + Fo )t + (F2+ F2)).
Since F2_ | + F2 = Fa,1 and F,( Fuet + Foot) = Fagthenx? +y? = Fat? = 2F ot + Fauy.

Lo < 1 and,

2n+1

minimum of [tF, — F,_| + |tF .1 — F,| attained if ¢, = < 1 and closest to ¢,

Quadratic trinomial Fy,41t2 — 2F»,t + F5,_;attain minimum in R when ¢ =



therefore,
F2n

minimum in Z can be attained in one of two integer points closest to o
n+

,that is when
t=0ort=1.
ThUS, min(x2 +y2) = min{F2n+1 . 02 - 2F2,, -0 +F2,,_1,F2,,+1 . 12 - 2F2n .1 +F2n_1} =
min{F 2,1, Fons1 — 2F 2, + Fop1p = min{Fop-1,Fop3 ) = Fous.



