Problem with a solution proposed by Arkady Alt , San Jose , California, USA
Let 7,(x) be polynomial defined by recurrence T.1 — 2xT, — To-1,n € N with initial
conditions Ty = 1,7, = x.(First Kind Chebishev’s Polynomials). Prove that

JdT,(x) <1l+n(x—1),x>1,neN;

Solution
Since (1 +n(x-1))" = > n*(" ) (x - 1)* then for the proof of inequality
k=0

(1) Tu(x) < (1 +n(x-1))" convenient to use Taylor’s representation of 7,,(x) :

(k) (k)
T,(x) = ZT”k—’(l)(x— 1)¥, because suffice to prove that T”k—,(l) < (%)n" =
i ! !
2 1P0)<nts—1L __ wherek =0,1,...,n.

(n—k)!

For calculation 7 (1) we will partake derivative equation which define
n — th Chebishev’s Polynomial T,,(x) :
(8) (A =x®)T,(x)—xT,(x) +n’T,(x) = 0.
In the supposition that for arbitrary k = 1,2,...,n — 1 consecutive derivatives
T (), TR (x), TSV satisfy to correlation
(1 - x)TEV () = apxTP (x) + b TSV (x) = 0 we obtain that
2TV ) + (1= ) TEV () - e TP (x) = ax TV () + 0 TP () = 0 =
(1= x)TEP () = (ax + 2)xTEV () + (br — a) TO (x) = 0.
Thus we have a1 = ar + 2 and by, = by — ax where a; = 1 and by = n?.
Hence, ar = 2k—1and by — by = Xk:(b,-ﬂ —-b;) = —Xk:(zi -1)=-k?and

i=1 i=1
therefore ay = 2k + 1,bj1 = n> — k2.
So, for T8 (x), ¥V (x), T we obtain following correlation
(4) (1 = x)TEP (x) = 2k + DTV (x) + (0 = k)T (x) = 0, where
k=0,1,...,n—1and in particularly for x = 1 we have:

1) g

(k+1) _ (k)
(8) @k + DTHV(1) = (0> =T (1) = ™y | 2kl

For k = 0 inequality (2) obviously holds because 7S(1) = T,(1) = 1.

|
T¢D(1) nkl . —(n_Z'_ D1 )2
Since — < — o L =K <pn-k) =
TS,k)(l) nk n! 2k+1

-k
n+k < (2k+ 1)n then, from of Math. Induction’s supposition that

K1y < k. __n!

K+l k T(kﬂ)(l)
we immediately obtain that 75°(1) = 79(1) - ;(T(l) <
k,__n! . B — kel n!
e S T G A i sy yans e TR

Equality in (1) occurs iff n = 1 and don’t holds if n > 1.(because




To(x) = (1 +nx—1)"x>1 < TE) = nk - (n _Tk)_! k=0,1,..,n< Tou(l) =1
q Tgk+1)(1) e kz .
an TSlT(l):n(n—k),kzl,...,n—IQ et 1 =n(n—k),k=1,...,n—1<:>

n+k=Qk+1)nk=1,....n-1 <= 2n-1)k=0).



