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Marco Bertolin

W18. Solution by the proposer. Since D Is symmetrical then
D =D.UD-, where De:={(z,y) | 2,y € D and « <y} and
Ds :={(z,y) |z,y e D and 2 > y}.

Let f(z) := m%,m > 0. Since
r@ =D 0y

then f(z) strictly increasing on (0, ¢] and strictly decreasing on [0, 00) with
max f (z) = f(e) = e%.
>0
Therefore, noting that
1 1

=y = rr =y e fl@)=F(y),
we can conclude that (z, YED = r<ex< y,and
(z,y) € Dy — Y <e <. (otherwise if 2,y both belong to (0,e) or
(e,00) then, due to monotonicity f(z) equality f () = f(y) yields
T = y,that is the contradiction.
And, also, if £ = e then y>e = fle)=f(y < f(e)).
Also note that if (z,y) € D then z > 1.Indeed, since z¥ = Y =
y=zlog,y, then supposition z < 1 implies 0 < % =log,y <0, ie.
contradiction.
Hence (z,y) e D. =— 2 ¢ (Le), ye (e,00) and then

(z,y) € D =— z,y € (l,e)U(e,oo)

Let t :=log, y — 1.Then log,y=t+1 «= y =zt and y=zlog,y +—
y=z(t+1).
Hence y = z+1) and, therefore,

1 1
xt+1:$(t+1) — ,Z't:t+1 — (L-:(t—f—l)f - y:(t*f-l)l—f-?a

where t > 0 (since 1 < 7 < y)
Thus

D= {((t+1>%,<t+1>”%) e 0.0}

is set of all non-trivial solution of equation ¥ = %, satisfied z <.
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' Since ¢ = log,y — 1 then

(Ty)eDs = I<y<e<zs = l<y<z <

= log,1-1<log,y—1<log,z—1 <= —-1<t<0

Therefore,

Dy = {((t+ 1)%  (t+ 1)1+%) It e (—1,0)}

and
D= {((t+ 1)%,(t+1)1+%) | te (=1,0)U (0,00)}.

1 1
Note that limz = lim (t + 1) = e and limy = lim (¢t + 1)}*7 =e.
t—0 t—0 t—0 t—0

1 1
Since for (2,y) € Dc we have z = (1 +¢)% and y = (1+¢)'7% then

atf 1, B8\t
2%y = (14T (1+t)5+t =(1+1t)¢ +5:((1+t)t+a+ﬂ> _

p B

1
> = = and therefore,
a+pB 7 B+

((1 )i > " > e th

1,1
*2 is increasing* on (0,00) and %irr(l) (1+8)t%2 =e).
—

Since o < 3 then

=

1
(because (1 +¢)t
Also we have s
a
lima®y? = lim (1 +¢) ¢t 7 = e>th,
t—0 t—0

Thus,

inf z%Pf = inf zoyP = eoth,

(z,y)eD (z,y)eD<

(<1+%> ln(t—i—l))/: (—t%) In(t+1)+ <1+§> '71—1:

:é(%z—)—mn(t%—l)).
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We will prove that —2In(¢t+1) >0 for any ¢ > 0.

Indeed,

t(t +2)
t+

(M—2ln(t+1)>1: <t+1—i—2ln(t+l)),=

t+1 t+1

- 1 2 t24+2t+2-92¢t_9 t2 <0

= —M:K:“ .
t+1)2 t+1 (t+1)2 (t+1)2

Second solution.
inf z%yf = 4298 _ 92a+8
(z.y)eD

a< B, inf z%P =1
_6(90,14)60 Y

Ayodeji-Salay
W19. Solution by the proposer. Let Sp(n) :=1P 420 4 4 pp. First we |
will prove
P 1
Lemma. Sp (n) > w for any p,n € N.

p+1
Proof. First note that for » =1 we have

n{n+1) _ nt (n+1)
=—>—_ 7
51 () 2 T iy
Let p > N\ {1} be any.
P 1 2
For n = 1 we have Sp (1) =1 and M:

p+1 p+1
Step of Math Induction.
We will prove that

< 1.

S-S0 2 CLOD sy

p (n+1)p(n+2)—np(n+l)
< (n+1) 2? <~

= (p+l)(n+1)p_12(n+1)p—1(n+2)—n” =

= -+ )" 2 amr 1)l - e e
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| = @P-1)n+1)P 40P —n(n+1)P" >0
. We have

=D+ 1) 0P —n(n+1 " =

=(- l)p—0 <p;1)nk+np—n.§ (p; l)nk =

= =
SR )

—p—1+(p—1):é(p;1)nk_ é(p;l) .

—p—1+(p—1):(§;+1>nk+l_g(pk1)nk+1=
=p—1+§(<p—1>(§:)A(p;1>) -

Since for any p € Nand £ =0,1,...,p — 1 we have

p(kil) - (k) " (k+ 1)!1)(];)1Ti k-1 &l (ppl— I

p! (p(p—k?)_1>>0

3

T K-\ kt1 =
- —(p-1
(because k <p—1 — pgcp+1k) Zp%;—(lzg%—l)) = 1) then

(P—1)(n+ 1P 40P —n(n+ )Pt =

—_—p—1+:g:((p—l) (Gr1)- ()= =0

nP~1 p+1
Sp(n) ~ n(n+1)

Since
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then
n _1 n
nP p+1
1+ — ) <« 14+ L -
Q( *Sp<n>) = H( +k(k+1)>

and by AM-GM Inequality

) (k)
i +1

1 n—1
n—1+(p+l)z

k(k—l—l)
. k=2
a n-—-1 <

"— 1+p+l n—1 p+1\ 1
< ~\2 — ]_+ 2 <6(P“1)/2_
n—1 n—1

W20. Solution by the proposer. Since recurrence Qpi1 = - j_nap
n
p

a . . :
rewritten in the form ah ., = m, then denoting af, via b, we obtain

can be

recurrence

bn

T Ty

with initial condition b; = P,
1

For convenience we set a:= (b7 — 1)? where p > 1 and q := = Then
b

by =47 — 1.
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1 1
where hy, =14+ = + ... + =
2 n

Proof. From the recurrence (1) obviously follows, that bn, decreasing in N. In

particularly this yields b, <b =b7—1.

1 P
Denoting h (z) := Hm\),we can rewrite recurrence (1) in the form

1
= R (b)) 2
bny1 by 7 (5n) @)

Recall for further Bernoulli Inequalities
I+t)*>14+at, a>1 (B1)
t>—1
and
(I+8)%*<l4at,ae(0,1) ,t>—1 (B2)

And also note that  (z) decreasing in (0, o)

. T+ A+ —1-1 - pe
h ) = ( ’ p)a)

because by (B2) (1+z)P™! <14+ (1-px

Let m natural number such that mp > 1 (m exist due to Archimed’s axiom).
Applying (B1) tot =2 >0 and a — mp we obtain (14 )™ > 1 4 mpz.
Hereof

<0

1 1
(142 = (1 +z)"P)m > (1 +mpx)m
and then

1
1+2)P — |
h(:c)z( +x) 1>(1+mpx) B : mp .
z m— &
> 1+ mpzx)m
k=0

Since for k =1,2,...m — 1 by inequality (B2) we have

k
(1 +mpzx)m <l+mpz X =14 kpa

m

then
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mp mp 2p
:\,
m(m —1) 2+pz(m—1)
2

h(z) > o
> (14 kpz) m+ px -
k=0

From the other hand, applying (B2) to t = » and o = p we obtain

1 —1
h(x)<”;\‘”=p.

So, for any z > ¢ holds inequality

2p
ST —— < h
2+p:c(m—1)< (z) <

which together with identity (2) gives us for any n € N inequality

2p < 1 1 <
- T .
24p(m—1)by ~ by 5 <P
. :
Since — 5= =h(b,) and A (z) decreasing
et b b 1 11 poq

> -2 ——>271

in (0,00) then h(bn) > h(by) —7 and boii b, = pa 7 forany

natural n. Hence,

1 I ( 1 1) _
bn+l bl k=1 bn+l bn

=D h(ba) > n-h(h) = ”,f,f\:l”
k=1

and
1 B n(b—l)—l—l
bn—H B b7 —1

Since b (n (b — D+1)> (b- 1)(n+1) then

nb-1)+1 n+1
AL
b7 — 1 c

q_
where ¢ ;= M Thus 1 > nt l,n € N and because
b—1 n+1 c

b(b? -1
b < ic_ = (b\l) then inequality by < s holds for all natural 1.
- n
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c
Since b, < - then

2p S 2p _ 2pn
24 p(m—1)by 2+p(m—1)~£ on+p(m—1)c
n
-1 -1
(1 pm-Yc ., L p(m ey
m+p(m—1)c 2n

p(m—1)c
2

Denoting [ := and combined inequality

2 —1)

14 sp(1-F (m—1)c
24+ p(m—1)by 2n

with inequality (3) we obtain inequality

l 1 1
1—— -—< eN 4
p( n><bn+1 <P (4)
Hence,
n l n
1--1< —_— = =
SRR Gt IRt
1 1
e p(l—1lhp) <77— — 7" <P (5)
byt b1
Si ! = 1 h '—————1———— 1, then f 5 d
1ncea+pn—p(n+ +r),were'r.—p(bp_1>—, en from (5) an

1
p(n—l-hn)-i——b—>p(n—l-hn)>p(n+1—l-hn+1—1)
1

follows inequality (L.).
Dividing inequality (L) by n we obtain

hn 1 1 r
1—1. 2= —_ 14+ —
p( : n n><nbn<p(+n>

hn
Since” lim — = 0 then

n—oo M
h 1
1imp(1~l —’i——) — lim p(l-l—r—) =p
n—oo n n—o00 n
1
and, therefore, lim —— =p as well. Thus, lim nb, = g and we finally
n—oo Non n—oo

q
obtain that lim nla, = ¢?. So, an ~ (2) .
n—+o0 n
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* From

and

h 2 hn
follows inequality ~2 « \/; » which immediately implies lim -2 =0
n

n—oco n

W21. Solutlon by the proposer Let L be the proposed limit, and
1 + R
L] = lim

2n+1
n—00

i - Then, by the Stolz-Cesaro Lemma,

1 2n
n—>001n\/_—ln\/n—l :

1
n—)oonln n%)
1 1
=lm —— =

= :1
n—)ooln(i)n Ine

n-—1

Ly =

and so, the proposed limit is of the form 1*°. Therefore

14+ L4 4 1
lim 3 24l 1 nvm
L:en—H)O ll’l\/ﬁ -

. 1 1
:enl_l_)lglo (1+§+.--+2 ) ln\/_>
Let H,, denote the n-th harmonic number, that is H,, = 1 + +
Note that

41

. 1 1
nlirﬁo<1+§+"'+2n+1*m‘/ﬁ) -

= lim Hgn—HT—l

n—oo

H, 1
n+ — = lim (Hgn—lnn)— lim (—13 nn)z
2 n—o00



