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W10. (Solution by the proposer.) First we will prove, using Math.

Induction, inequality for m = n, namely inequality

n 4 pn 4 " n+1 n+l 4 pntl 4 ntl
a® + b +c S @ +b +c a3, (1)
an—l + bn—l + cn-—l - 3 ! -
1. Base of Math. Induction.
For n = 3 we have
a3+ b+ 4>a4+b4+c4 5
a2 + b% + 2 3 ' 2

Assume @ + b+ ¢ = 1 (due to homogeneity of (2) and denote
p:=ab+bc+ca,q:= abc. Since

a2+b2+c2=1—2p,a3+b3+<:3=1+3q—3p,a4+b4+c4=

=1+4q—4p+2p°

inequality (2) becomes

4 2 4

— 14+4g—4p +2 1-—2

1+3g—3p > +4qg—4p+2p hW)Z( D)
1-2p 3 3

where

(1+3¢—3p)*
+4q — 4p + 2p*
(a+b+c)’

h{q) = 7

1
Noting that p < = (<= ab+bc+ca < ) and
9> 4p—1( = Y al(a—D) (a — ¢) > 0 —Schure inequality

cyc
in 1-p-q notation) we can see that

)_1u1+m—3m%1+@—4p+@%—4u+3¢4mf_
B 1+ 4q — 4p + 2p? B

hl

q

_4a+3q—@famt4m+2+%)
B 1+ 4q — 4p + 2p?

>0
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4p — 1
for ¢ > g« := P

1
and p < 3 because

6p° — 9p+2+9g> 6p2—9p+2+4p—1=(1-3p)(1—2p).
Since h (q) is increasing in ¢ > g« then suffice to prove that

(1—2p)*

h(gs) > 3

= 3(1+43g¢. —3p)* — (1 +4g — 4p+2p%) (1 — 2p)* > 0.
We have

3(14 3¢ —3p)* — (1 +4g. — dp+2p%) (1 —2p)* =

4p —1 4 4(4p —1
=3<1+ p3 -3p> ——(1~2p)4(1+—-(—%——)—4p+2p2>:

1
= (1 — 3p) (1 +23p — 225p* + 677p* — 800p" + 288p°) .

Thus remains to prove 1+ 23p — 225p? + 677p% — 800p* + 288p> > 0 for
1
0,-|.
Pe ( 3]
1—t

1
Let t := 1 — 3p, thenpz—g——, pE(O,g] < t€[0,1) and

1+ 23p — 225p? + 677p% — 800p* + 288p° =

1
= g7 (4+ 56+ 228t? + 209¢> — 320t* — 96t°) > 0
because 4 + 56t + 228t% + 2093 — 320t — 96t° =

4+ 56t + 2182 + 207t (1 — ) + 416¢3 (1 — t) =+ 96t* (1 — t) > 4.

2. Step of Math. Induction.
Let -

a + b + ¢ ntl
an = (an—l o1 +cn—1)

and
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an+1 + bn+1 + c’n+1

by, =" 5
Then
On+1 > bn-l—l (an+1 +bn+1 +cn+1)n+2 (an—l +bn—1 +Cn_1)n+1
I b (an + b7 + e (@n 4 b+ )"

an+2 + bn+2 + cn+2

— an+1 + bn+l + C'rH-l

(an—l—l 4+l 4 cn+1)n+1 (an—l Lpnl g cn—1)n+1

n)ﬂ—}—l

>
(am + b + )" (an + b 4 ¢ -

el

S (an+2 +bn+2 + Cn+2) (an +bn + cn)
- (am+1 + pntl cn+1)2

(am+! + prtl 4 ot (a1 + L 4 o) n+1
— 3 — 2
(an + bn + cn)

(an+2 + bn+2 + Cn+2) (CL” 4 " + Cn)
- (an—{-l + bn+1 + Cn+1)2

5 (et @ 02)\ " R G b?)

> 1+
(a™ 4 b + ) (antl + bt 4 1)

— |1+

and, by Bernoulli Inequality, we have

n+1

> (an—lbn—l (a— b)Q) (n+1) (an—lbn—l (a— b)2>
(a™ +b" + c)? =1 (a™ + b™ + cn)? '

1+

Thus suffice to prove

(n+1)% (an—lbn—l (a— b)2) § D (a”b" (a— 5)2)

(a™ 4+ bn + cn)2 ~ (antl 4 bt + Cn+1)2
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< b
= Z(a—b)Qa”’lbn—l( ntl 5 — a 2) >
po (an + pn + Cn) (an+1 + bn+1 + Cn+1)
Since n > 3 and a1 4+ ot 4 ot > (a7 46" + 03) (atb+o) then
n+1 be 4

(an + b + Cn)2 (an+1 + pn+1 + cn+1)2 - (an + b + Cn)Q
B 9bc B 4(a+b+c)* —9bc
(am+ b+ )2 (a+b+c)?  (an+br+c)’(a+b+c)’ ~

because

4(a+b+c)? —9bc = 4a® + (4b* — be + 4c?) + 8ab + 8ca > 0.

Now note, that for any m > n > 1 holds inequality

am+bm+6m n>an+bn+cn 3
am—l + bm—l + cm—l - 3 ) ( )
m pm m
Indeed, since o +o *¢C is increasing in m € N
am—l + bm—l + Cm—l
am—!—l _|_bm+1 +Cm+1 a™ -I-bm + cm
am™ + pm 4+ c™m — am—l + bm——l + cm—l

— (am+1_+_bm+1+cm+1) (am—1+bm—1+cm—1) Z (am+bn1+cm)2 S

— a1 (a - b)2 + 5" e (b — 0)2 +cm g™t (e — a)2 >0

then

GM+bM+cm > an+bn+cn
am—l + bm—l + Cm—l - an—l + bn—l + Cn—l

am+bm+cm n> an+bn+cn n
am-—l + bm—l + cm—l - an—1 + bn—l + Cn—l

and also we have

m>n —
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a™ 4+ b" + " T+ b + nla™+b" + "
> = >
an—1 4 pn—1 4 en-1 3 3

>

n_\l/an—l_l__bn-—l +Cn~1
3 )
Hence

am+bm+cm ﬂ>an+bn+cn
qm—1 + pm—1 + cm—1 3 ’

Since ( ) >

an—1 + bn——l + cn—1 3 T 2 3 and

am+bm+cm n>an+bn+cn
am—l + bm——l + Cm—l 3

a™ + b 4 ™ )TH-l qnt1 + pntl + vl
>

,m2>n

holds

am—1 + pm—1 + cm—1 3
for any m > n > 3.

then, inequality (

Remark.
Note that Inequality (1) isn’t right if n = 2.Indeed, for

a=b=§z,c=ﬁweobta1n
7\ /5)\%\°
2(%) +<E> 1331
0. 1 5 32768
24 ' 12
7\° 5)°
2(27{) +(E> 281
HS: oy
R 3 6912
1331 1
ing 133 281 3 0

32768 6012 884736 -

Second solution. Pc;wer—means—inequality yields

m 1

a™ LT L > (am—l +bm—~1 + Cm—-l)m_lg—m

that is
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m—1

am—l +bm—1 +cm——1 < (am +bm _|_cm)-———3—7177

whence

+1
( a™ + b"m + ™ )"+1> a™ + bm + ™ " _
~ \(am +bm 4 o) 3

ntl
= =
Also Power—means yields
(@™ +b™+c™m) E ntl . m m 1 2EL

ntl
3™m
an+1 + bn+1 < cn—i-l
3

Paolo Perfetti

W11. (Solution by the proposer.) We have the following inequality:

T 5\4/5 9
>

or

1 55
> T
1—x° = 4

If we denote a = z+v/5 we have to prove that

1 5%
>Zgora®—5a+4>0or (a—l)Z(a3+2a2+3a—I—4) >0

—a 4
5

From (1) we obtain

4

/ - dz 2 5\/—'t3a (V)tE.(O,l)
0

oy

1—2x4 3

w

or



