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fz)=g(2)+¢ () +9" (x)
By Rolle’s theorem there is a value ¢ € (a,b) such that

_ 1 ({0 _mGE)-h(f@) _ d Wyl
1= n(f) = P - el = £

So 0= f"(c) — f (c) = g"" (c) — g (c) which is equivalent to the claimed equality.

Albert Stadler
Fourth solution.

(SO oy o BIOBA@

f(a) b—a

and the Lagrange’s theorem or the mean—value-theorem yields the existence of a
point ¢ € (a,b) such that

n(f@)y|._=1 « L9 1 — po=10

fle)
OB e O B
c+Vi+cZ (142 (1+2)3F  (1+c2)3
1 c+1 3c2

o - + = =
Vite? (1422 (14¢2)3

The equation f'(c) = f(c) yields

1 3c?
In(c+vV1+4¢e?)=— T +
( ) (14+¢2)3  (1+c2)3
that is
27 =1+ (1+c3)*?In(c+ V1 + )
Paolo Perfetti
o) 3
W6. Solution by the proposer. Let S (xy) = ——2— if series

n=1Zn + 4"I;n+1
converges and Sy (zy) = oo if it diverges.

Let D; = {zy | zy € D; and S (zn) # oo} .Since D, isn’t empty ( because for
for instance if 2, = ¢"~!,n € N, where ¢ € (0,1), we have

>
n=1$n+4xn+1
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3(n 1) 0 q2(n—1) » 1
(14+49)(1-¢?)

then inf {S (xy) | Xy € D1} = inf {S(xN) | xy € Dl}

Let S := inf {S(xN) | xy € l~)1} . For any xy € D; we have
3

o0
T
S (xn) = =
( N) Z Tn + 4$n+1
n=1
1 P z3 1
= + L 2 + 228 .
1+ 4z, nzé:z Tp + 4Tp41 2ol + 412 Zl Yn + 4yn+1 —q + 4xo 25 (y)
where y, 1= x;“ ,n € N.
2
S(XN) 1
> Yp > ...and S = — th
Yn an (YN) I% 1 +4:L‘2) €1

+ 128 =

SinceyN€ﬁ1(1=y1>yg>
1
28 = §>
+$2 _1+4:l‘2

>89 ¢ theref >
(yn) = S and, therefore, S (xy) > T

s> :
= (1+4x2) (1 —23)
We will find p := m(%xl) h(z), where

h(z):=(1+4z)(1-2%) =42 —2® +4z +1
—1222 —2r +4=—-2(3x + 2) (20 — 1) then

1

S(xn) > —

(xn) .

=
-

Since h' (z) =
1 9
= max h(z)=nh = - and, therefore,
" ze(0.1) 4
Since S = f =q¢" 1,neN, qe(0,1), then f =
ince S (xy) T4 0=0) or T, =q n q € (0,1), then for ¢
we obtain
i z3 _ 1 4
Tp +4Tp+1 - 1 2 9
n=1
144-= L[ 1= =
(e3) (- (3)
Second solution. If z; = 27%+! the equality occurs. Indeed
- 7 M _gil_u 1 4
T 3444n T 341-17 9
n=1 4

Lot 1 e
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Now consider the sequence y; =1, y2 =3 +6,0 <06 <1/2, yp = 2—k+1 for k > 3.

s 3 o0 3 4 o 3
B e ~erid Dy e D TR vt
£t tn + 4Tnt1 ‘Yo +4Yns1 9 L Yn T 4Unn1
_ x% I S B
T1+4zy  m2+4rs Y14y Y2 +4ys
1 8 ! (3 +9)°
= T+ 1 es 1 -

T1+al T T34l T 1val+d) F+6+4%

Contradicting the statement.

Paolo Perfetti

Third solution. Qz; = 1, and sequence {z,} is the increasing geometric
progression

Tn=1x¢"1(0<qg<1)
3

3n—3 2n—2
Then Yn = I,,+4In_+1 = q - 1+4qn = ql+4q
So
e 3 o0 ©  2n-2 ) 2n
Tn Z q 1 li7q
> =Y =D 12 >
n 11n+4.’1,'n+1 n=1 n=1 1+4q n=1 1+4q 1 b

Q0<q<1 n—)oo,,.l—q2"—+1,
1

k. Z Tn +4In+1 Z 1+4q l—q'2
n=1

Fl)=01+49)(1-¢®) =1-¢*+49-4¢° (0<qg<1)
i (q)=—2q+4—12q2

Let f'(q) = —2¢+4—12¢> =0, . ¢ = —3 (round) g> :%
-, In interval (0,1), maximum values for qis f () =% Ifand only if ¢ = 3
- i
.9 9
.421+4qx—-sq_,..(1+4q)x(1—q) ) Ez"+4zn+1§4
3
When g = 5 Z m = % At this time Tp = 2,—,1_-1'

Chen Jianan, Lee Xueliang, Guo Meiqun, Feng Xlaohng, kong Huimin and Zheng
Nanmin
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Fourth solution. By the Cauchy-Schwarz-inequality

0 3 00
n . T, (Tn + 4T =
Z Tn + 4Tp+1 Z n (@n nt1)

n=1 n=1
00 00 oo 2
2 In o Tp + 4Tnt1 - 2
= xn———‘+ 4 2 In _>_ In
T T
n=1 T n+1 n=1 T n=1

Again, by the Cauchy-Schwarz-inequality

i 2 = <n§1 xﬁ) 2 . (21 x%) : >

4 = "0
g T S Z In (xn =t 4xn+1) -'L'% +4 Z TnTn+1

n=1 n=1 n=1

(£4)

2
s
o0 oo 0 T s+4y/s(s—1)
S22 +44 le% 2133%4—1
n= n=

M8

n=1

%

n=1

o0
where s = 3 z2.

n=1

. . s i . .
The inequality e — >3is equivalent to each of
4 \? _ 256 35 —4)? (16 + 9
<32—§s> 2?1_3(3_1) ands( - )81( i) >0,
. & o2 333 4
which obviously holds true. So n}_:l =2

Equality holds true only if "—HM is constant and s = 3, which means that

Tnil __ n—1 il n—=2 -4 1 _ 4
——=0 for some constant ¢ implying z, = ¢ and s = 21 C =17 = 3 So
n=

c= % and T, = Q—n,lrr, n=1,2;.:
Indeed,

00 3 ) 1 00

Z Tn s Z v _ EZ 1._4

. SRR n 9
Sy, In + 4$n+1 n=0 2" + on 3 n=0 4 9

Albert Stadler
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WT7. Solution by the proposer. Let F' := [ABC]. Since

CA1 b A31 C IBl
A — [A,AB] — - = -
AOBT| =3 B) = (A8 and e = e e B

——  then

a+b+ch F b[ABB,] beF

C 1 C.
A1AC) = —,[ABB,] = IAB,) = =
el b+c’[ i a+c’[ 1 a+b+c (a+b+c)(a+c)

bE beF bF((a+c)2+ab+bc—bc—cz)

[AchII]z b+C— (a+b+c)(a+c) . (a+b+C)(a+C)(b+C)

T (a+bte)atc)(b+ec) 2(a+b+c)(ate)(b+o)

_F(a+b—c)(2c+a+b)
2(a+c)(b+c)

Fab(2c+a+b) F((a+b)2_02)(2c+a+b):

Thus

[AiCB1I] (a+b-c)(2c+a+b)
F £ 2(a+c)(b+c)
(a+b—c)(2c+a+Db)

2(a+c)(b+¢)
(a+b—c)(2c+a+Db)

(a+c)(b+¢)
Since a® + b% = 1 then, denoting t := a + b obtain that

t<V2 (<= a+b</2(a?+10b?)),

2-1_ (t+1)” (a+b—c)(2c+a+b) _

Now we will find max

Due to homogeneity of we can assume that ¢ = 1.

(@a+1)(b+1)=1+t+

2 2 7 2(a+e)(b+eo)
=12+t (-1 (2+1)
T 2(@+1)(b+1) (t+1)?

and, therefore,

ax((a+b—c)(2c+a+b)) ) (t-1)(t+2)
2(a+c)(b+c¢) T 0<t<v3 (t+1)* )

1
Slncet+1S\/§+1 e mZﬁ_l then

(t—l)(t+2):t2+t—2 1

(t+1)° TR e T

§1—(\/5—1)—2(\/5—1)2:2—f—6+4\/§=3\/§—4

9
(¢ +1)°
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A I
and equaliy occurs iff ¢t = /2. Thus, max M = 3v/2 — 4 and can be attained
2
only iff a = b = Tc because
a? + b2 =c2 a?+b2=¢2
a+b=+v2c K a=b

Second solution. 2a +28 =3, a+ 3 = 2o+ =¢2
In the AABI, set BI = x, Al =y, set {BAI = Lo, {ABI = 43,

x Y (c c

sina sinf  sin(r—a—p8) sin (a + )
.‘.:r=\/§sina><c y = v/2sin %
SpaABI = x2smasm5c x sin(m—a— ) — ﬁsmabmﬁc X

S 1.2 sin asin 23 2 sin 2asin B8
Similarly avalble SaaBa, = 3¢% % Sin(at3s) SaaBB, = ,c X et BT

Let S be A1CB1I except the quadrilateral area,

'S—102>< 2sinasinf sinasin2p3
el sin (2a+ )  sin (a + 23)

= \/§sinasin,8 g

SaaBc = 4c? x sin 2asin 28.

Now to make the minimum ﬁ, so the proportion of quadrilateral is maximized

g sin 8 5 sin av B ﬁsinasinﬂ v
SpaBc  sin(2a+ B)sin28 ' sin(a+28)sin2a  sin 2asin 28
1 1 V2

- 2sin (2a+ 3) cos 3 4 2sin (a + 2B) cosa 4dcosacosf

1 1 v g3

= + oIy =
2cosacos3  2cosfBcosa 2cosacosf 2cosa cos 8

Now to make the f (a) = 2cosacosmax, a + 3 =  F

2
. f(a) =2cosacos (% —a) = 2cos (%_cosa%— %—isina) =

2 2
2c052a+\/§sinacosa—§ \/_(2cos a—l)+£sin2a:
2 2 2 2
= §+§0052a+§sin2a= \/T_+sin (2a+%>

maxf(a):g-i-l,atthistimea:%minﬁ £+1—5—3\/_
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S

e _ S - A
So SaaBc 1- SaaBc 1- (5 A 3\/5) T 3\/5 -4
Chen Jianan, Lee Xueliang, Guo Meiqun, Feng Xiaoling, kong Huimin and Zheng
Nanmin
Third solution. We can assume that AC = 1. We put
a = /BAC = (= angle at A). Then area (AABC) = 1 tan (),
area (AAA,C) = Jtan|g|, area (ABCB;) = j tan® (a) tan 5;—0‘ e
1 5 -« 1 2
area(AABI) = SAI - Bl sin|m - % - I —|=ZAL BI% -
rid ABsin| 32| Apgn|g| l37rl :
2 sin|3f| sin |3 | 4
V2 s \/_Sin b Sinlg| a o lal] sin |2
B UL BT DO L TEEYC
2 2 2 cos? a 2 cos? (o)

area (6A,CB;I) = area (AAA,C)+area (ABCB)+area (AABI)—area (AABC).
Then

area (0A1CB1I)
area (AABC)
= 1tan|%|+ § tan® (o) tan %ga + |°°S|%|2—CS:S{2|(%;|)| 2l 3 tan (a) -
. 3 tan () B
tnfg] o Lotenls] ]3]~ sinlglsnlg] | _
~ tan (@) 9 1+tan|g| sin () cos (@) i
:1—tan2l%\ 2tan || N :1—tan2|%| 2tan|%| 1 —tan|§]| e
2 2 cos () 2 |1+tan|%||2 1 —tan? ||
u=tan]%l ]_—u2 2u 1+u2
= I S
5t arw 204w f )
We have
d |1—u? 2u 1+u? (1-2u—u?) (3+u+2u?)
= + b —1|= :
du| 2 (1+u)? 2(1+u) 2(14u)

So f (u) gets minimal at the positive zero of 1 —2u — u?=0oratu=+v2-11If
tan ($) = v2 — 1 then tan (a) = 1.
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So a = § and thus the right triangle with the greatest ratio is the isosceles right
triangle.

Albert Stadler

Fourth solution. We use the usual notations. If r is the inradius, then r = ‘ﬁ%

By bisector theorem we obtain that A;C = ;%% and B,C = 2&

b+c a+tc’
Yields that

ab ab
2 = I =
[A1CB1I] = 2[A1CI| + 2 [CB4I] r<b+c+a+c>

S0 _ _
[A1C’BII]_a+b—c_ a+b+2c
[ABE) . .2 (a+c)(b+c)

Because we suspect that the maximum value of this ratio is reached within an
isosceles right triangle, we demonstrate that

(at+b-—c)(a+b+2) _ _2v2
(a+c) T 3+2/2

which yields that the greatest value is
We have:

(a+b—c)(a+b+2c) 2v/2
@rg®+o 31273

& (3+2\/§) c(a+b)—2v2c(a+b) < 2v2 (a® + b +ab)+(3+2\/§) (a —2ab+b%) &

& 3c(a+b) <2v2(2a® — ab+ 2b%) + 3 (a® — 2ab + b?)

and squared we obtain

9(a+0b)* (a® +b%) <8 (20 — ab+2*)" + 9 (a® — 2ab+ b%)* +

+12v2 (2a® — ab + 2b%) (a® — 2ab + b?) &

& 32a* — 86a3b + 108a%b? — 86ab> + 32b* + 24v/2a* — 60v/2a3b + 72v/2a2b%—

—60v2ab*+24v/2b* > 0 & (a — b)* (16a® — 11ab + 166%) +6v/2 (a — b)* (2a% — ab + 2b°) >0,
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true, since 16a% — 1lab + 16620, 2a2 — ab + 2b* > 0. We have equality iff a = b, i.e
the triangle is isosceles right triangle.

Neculai Stanciu

W8. Solution by the proposer. Note that
A(z?y? %) =@ +y+ DE+y—2)(@E—y+ 2) (—z +y +2) and for positive
z,y,z we have equivalency

& i T+Yy>=z
A(xQ,y“,z‘) S0 = { y+z>=z
. z+x>Y

Due symmetry and homogeneity of A (a™, b, ") > 0 WLOG we assume that
a>b>1.
Then for any n € N we have

A(azn,b%,czn) >0 b +1>a”
a>b>c=1 a>b>c=1

Suppose that a > b, then

a"=(b+(a—b))">b"+n(a—b)b”—1>b"+n(a—b)>b"+1

1
for any n > i It is contradict to b™ +1 > a" which holds for any n € N.

s
Thus a = b and, therefore, triangle should be isosceles with two equal sides, which
not less then third one.

Letnowa=b2>c then

A(a", b, c") = 2amb™ 4 2b"c™ + 2c"a" — a2t — b -t =
— Ac"a" — " > 3¢2™ > 0.

Second solution. 1).When a = b Vi@ B =¥ (a™,a";a™) =
2g™a" + 2a™a™ + 2a™a" — (a™)® - (a™)? - (a™)? = 6a®" — 3¢2" = 3a®" > 0.

2). When b=c> a,

V (a®, b7, c) =V (a", b7, %) = ognbn 4+ 2b7b" + 2db — (a™)* — ()2 — () =
ob?n 1 4gmb" — a2t — 207 = 4a™b" — o’ =a” (46" — a™), Qb > a, . 4b" > a”,
s a™(4b" —a™) >0, .. (a™,b",c") > 0.

Chen Jianan, Lee Xueliang, Guo Meiqun, Feng Xiaoling, kong Huimin and Zheng
Nanmin
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Third solution. By symmetry we can assume that a < b < ¢. We distinguish two
cases:
a). b<c

A(an,bn,cn) == _(an _bn)2 4 2c" (an +bn) _CQn < 2e" (an +bn) _CQn =

n bn
=c2"<—1+2a i ><0

cn

if n is sufficiently big, since ;%5 <1, % < 1.
b). b=¢c

A (a®,b",b") = 4a™b™ — a®® = o™ (4b™ — a™) > 0,

for all natural numbers n. So A (a™,b",c™) > 0 for any natural number n if and
only if a, b, c form the sides of an isosceles triangle whose third side is smaller than
the two legs or a, b, ¢ form the sides of an equilateral triangle.

Albert Stadle

W9. Solution by the proposer. a) Follows immediately from inequality
52 < 4R? 4 4Rr + 3r2. Really, .

R? —4r% > -(32—271"2) — $?<BR?24+7r? =

] =

0 < (4R? +4Rr 4+ 3r% — s?) + (R — 2r)°.

b) Recall ( [1]), that a triple (R,r,s) of positive real numbers can determine a
triangle, where R,r, and s be a circumradius, inradius and semiperimeter
respectively iff (R,r,s) € A:={(R,r,s)|R>2r and L(R,r)<s?>< M (R,r)}

where
L(R,r)=2R*+10Rr —r> —2(R—2r)\/R(R - 2r)

and

M (R,r) =2R?*+10Rr —r2 4+ 2(R—-2r) V/R(R - 2r).

Since a triangle is equilateral iff R = 2r then set

A:={(R,7,s) | (R,r,s) € A and R # 2r}

determine all non-equilateral triangles.
Thus,

= min ( min = min R — 4 —
- s s2—-927r2)  R>2r M (R,7) — 27r2 -

sridce T . R? — 4r2 R? — 4r2
= min — =
(R,r,8)EA §2 — 2772 R>2r
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s R2 — 472 s R+2r
— — i =
B e 10Rr _ 982 +2(R—2r)JR(R—2r) R>2r2R—14r+2/R(R—2r)

2
1+§T
= min -

R>2r 2r o
2—-T - —+24/1-—=
2TV TR

/ 2
Denoting t :=4/1 — -1% we obtain that t € (0,1) and, therefore,

P 23 + /17
K* = K = 1 = f
max X = o) 9+ 2t — 762 8
23 + /17 9 — 12
because %— is smallest real k for which equation TS = k have
solution in (0,1).
Indeed, if equatio 2t k have solution the
, 1 n-————-——= ave solutio n
k. 9+ 2t — 7t2

2 2 =k(9+2—Tt?) < (Th—1)t* —2kt =9k +2=0

yields
) 23 17
k2+(7k—1)(9k—2)=64k2—23k+220 = k> —%C .
23 + V17
Since for k. := L equation
128
2-12
9+2—Tt2
have only solution
k! 23 + V17 5 — 17
t* = = + = E (0, 1)
The —1 334+ 7V17 2
then
] =42 iy 23 + V17
K, = min = = .
t€(0,1) 9 + 2t — Tt2 9+ 2t, — Tt? 128
So, for any triangle holds inequality
23 + V17
R? —4r% > o Tvil (32 —27r?)
128
23 + V17
and not exist constant K > —-IFT— which provide inequality in (b).
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. R2_42 29
c) H}l_rgrm =3 because
R? — 4y2 &
2R? + 10Rr — 28r2 + 2 (R — 2r) R(R-2r) ~
. R? _ 42 < R? — 4y2
T 52 —27r2 7 2R2 L 10Ry — 282 -2(R-2r)\/R(R-2r)
R+2r - R? _ 42 i R+2r i
2R+14r+2\/R(R—2r) ~ 82 —27r2 ~ 2R 1 14r — 2 R(R —2r)

R+2r R+2r 2

lim = lim —.
R—>2T2R+14r+2\/R(R—2r) R=2r 2R + 14r — 2 R(R-2r) 9

(1] D.S.Mitrinovic,J.E.Pecaric,V. Volnec. Recent Advances In Geometric Inequalities.

Second solution. Let a,b and ¢ be the sides of the triangle, and let A be its area.
Then

a+b+c abe A
S—T,A—\/s(s—a)(s—b)s—c,R—E,r—?

Leta::b+c—a,y:c+a—b,z:a+b—c. Thenx20,y20,z20,z+y=2€,
Y+2=20a,z24+z=2b,z+y+z=a+b+ec. We express s, R,r in terms of z,y, z :

y - be _ (24y)(y+2)(z+ & m
s=THEE A= zyz(z +y+2), R= g — E+D@+2)(z4a) r—?—%,/xfyiz

8y/zyz(z+y+z) ’

Then
y (z49)? (y+2)* (2+x)2 Tyz
f(z 2) = B =25t - 6dzyz(zty+z)  — THy+z
T 27r2 (z+y+z)2 _ 27axyz
2 4(z+y+2)

_ @49’ +2)? (z+2)? - 64 (ayz)> i
17zyz ((:z: +y+2)° - 27a:yz)

_ 4y +2) (+2) - 8oy2) (2 +y) (y + 2) (2 + 7) + 8zy2)
16zyz ((z +y+2)° - 27zyz)

f(z,y,2) is a symmetric function in Z,y,z. We can assume without loss of
generality that z < y < z. We claim that

T+y x4y
IR

T +y

f(ar,y,Z)Zf( ,z) if 2>

Indeed

f<x+y T4y Z): ($+y)2(%3+z)4—4(a:+y)4z2
22 de+y)s (@ ry+2’ - Z @ +y)’s)
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iy (2 + 2 ) -4(Jc+y) 22
(4(£+y+ ) —”7(x+y) /.)

:(z+y—2:)2(4m+4y+z)

" (x+y)2+12(x+y):+452
16z (4(z +y) +2)

f @y ;H(Hy ﬂ) W_
| Rt 16IU~(($+y+b) —27ry¢>

(m+y)2+12(u:+y)z+4z‘ N
16z(4(;1:+y+z))

('L—y)z(x+y+z) <z4+5($+y)23+(4x2—31:y+4y2)z2——6:ry(:£+y)z—;ry(:t+y)2)

16zyz ((m +y+ 2)? - 27myz> (Az + 4y + 2)

as is easily verified. By the AM-GM inequality (z+y+ 2)3 —27zyz > 0. It is

sufficient to prove that

g(x,y,2) = A45(x+y)+ (42® — 3zy + 4y°) 22 —Gacy(a:+y)z—:vy(;r—{—y)2 >0
(2

for z > L.
We note that

X +y 27 D) o\ 2

il R 4 > 0
g(ﬂﬂy, 2> & (@ y’)" 2
Furthermore

0 ” !
9—:g(gc,y,z) :4z3-\—15(a:+y)x:2+2(4acZ —3my+4y2)z—6$y(z+y) >

24<:r42—y> +15(m+y)( +y> +2(4a:2—3:1:y+4y2) (%ﬁ>—6my(m+y)=

r+Yy
2

1
Z(m—\—y) (331‘ —ozy + 33y?) > 0for z 2

So

N
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T+ 6

rt+y
2

and (2) and thus (1) follows.
We conclude that

(2t2) +12(2t) 2 + 422
Sl B2) = min F (6 t2) = min e

—m' t2 + 6tz + 22 _min1+6z—+—z2
B t,z>0 4&(8t+4) _Z>0 42(8+Z)

We have

d 1462422 22-z-4
dz 42(8+2)  2:2(8+2)°

So the minimum is assumed for z = 1£¥17 5o that

1462+ 22 14+624+22 23+4/17

e L VAT _ " ‘
R R G R 8+2) , itvm 4z(8+2) 128 0211800 > (18
So the maximum value for the constant K equals 23’1“2[ This proves a) and b). We

have, by the AM-GM inequality,

R— (z+y)(y+2)(z+x) S 2,/Ty2./yz2./zx » VZTYZ
8vzyz(z+y+z)  8Vayz(z+y+z) (zt+y+z)
with equality if and only if z =y = z. So, by (1),

=2r

R? — 4¢2 t24+6tz+22 2 -
lim ——— =lim (t,t,2)=lim—— =~ — 2 —-0.2
Ro%r 52— 2772 | 2t ( ) 2=t 4z (8t + 2) 9 0

Albert Stadler

Third solution. a). Letting a, b, ¢ be the sides of the triangle, we know that a).
r=v(s—a)(s—b)(s—c)/s, R = 2(abc)/(r(a+ b+ c)). Moreover we define the
classical change x = b+ ¢ — a and cyclic. By observing that

(x+y)(y+2)(z+z) = (z+y+ 2)(zy + yz + 2z) — Y2, the inequality becomes

((x+y+ 2)(zy + yz + 2z) — zYyz)? TYz 1 ((z+y—l~z)2 27zyz )

64(z +y + 2)zyz Z4y+z 5 4 _4(x+y+z)
Now we define the new variables

T+y+z=3u, zy+yz+zz=302% zyz = wd
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Trivial AGM yields w < v < u. The inequality becomes

3 13w® + w3(—10uv? — 48u®) + 45uv?)
64 uw3

>0

or
p(w3) = 13w + 'w?’(—lOuv2 — 48u3) + 45u?v? >0

The minimum od the parabola P(w?) occurs at w§ = )4 u? + 13uv but this 1s
forbidden because w?® < v® < u3. This means that the range of the values of w3
contained in [0, w3) and in this interval the parabola decreases. It follows that
P(w®) > 0 if and only if it holds at the extreme value of w? and the standard theory
states that this happens when x = y or cyclic. If z = y the inequality becomes

1 (592 —2yz + 2%)(y — 2)?

>0
16 2y + 2)z e

which clearly holds.

b). It is equivalent to find the smallest number @ such that

Q((x+y+z)(my+yz+zm) — zyz2)* Tyz 1 ((x+y+z)2 27zyz )

64(z +y + 2)zyz T r4+y+z-5 4 A z+y+z)
which is equivalent via the change x = b + ¢ — a and cyclic to

1 9Qu2v* — w3(48u? + 2Quv?) + wb(48 — 7Q)
64 uw3

>0

which is equivalent to to P(v?) = 9Qu?v* — 2Quv?w3 — w348u3 + w®(48 — 7Q) > 0.
The minimum of the parabola P(v?) occurs at
3 3

2

V'=—< — =
9u — v

S
<

©|de

This means that the range of the parabola is contained in (0,w?3/(9u)) and in this
range the parabola decreases. Therefore the inequality holds if and only if it holds
when v? assumes its maximum value. This in turn holds when at least two of the
variables z,y, z are equal so we suppose z = y and get

i(y )ZQy +6be—32y4+QZ —4" 0
16 (2y + 2)z

If Q > 16/3 every addend of the numerator is nonnegative. If Q@ < 16/3 we need

23—\/ﬁ< 23 + 17

Q(Q—4)>6Q —32 1 Qs —
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and since 16/3 < (23 4+ 1/17)/4 it follows that the searched number Q is
(23 — V/17)/4. The greatest K is then (23 + v/17)/128

c). The limit is 2/9. Indeed we have R = 2r if and only if the triangle is equilateral
so we let (z,y,z) — (p,p,p) in

((z+y+z)(zy+yz+za)—zyz)® zyz
F(z,y,z) = 64(z+y+2)ryz Ttytz _2_ - Fi(z,y,z2)
(s eyl oo 5 Fae.v.2)
4 4(z+y+z)

and make the limit
lim Flp+a,p+8,p+
L . (p p+B,p+7)
Fp+oap+Bp+v) =
= —96p*(a® + 8 +7) — 576p*yBa + 144p* ¥ a?B+ O((0® + 82 ++7)?)

sym

Fp+ap+B,p+y)=
=3888p° » (o — af) +5616p* Y o® +1296p* Y a8 — 24624p*aBy +

cyc cyc sym

+0((a® + B2 ++%)?)

The linear change of coordinates
@

WS L5 T B AR L SR S L
V3 V2 V6 3 V2 V6 V3 V6"
sets F; and F> as functions of (r, s,t) as (it diagonalizes the leading quadratic term
of FQ) a
Fy — 72p*V6t% — 216p*s*tvV6 + O((r? + 5% + t2)?)
Fy — 5832p° (s> +1%)+9720v/3p*r (s> +1%) —1944p* s> V6t +648p*t> V6 +O((r* +5°+17)?)

We observe that |F;| < Ct(s? + t?) while F» = 5832p°(s? + t2) + o(r? + s? +t?) and
then the limit equals zero proving the result.

t

Paolo Perfetti
‘W10. Solution by the proposer. Evidently

a b c 1
—+E—+~—+2=——

A+ +c+2bc=1
be a ab abe

c -
If we call bl =z, — =y, — = z, we can read the constraint as
g ca ab

T+y+z+2=zxyz
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Now we call

v+w u+w u+v
€T = 5 y — 5 Z2 =
u v w
Indeed
w(v + w) + (v + w)uw + (u + v)uv
T+y+z=
uw
A (u+v)(v+w)(w+u) — 2uvw
uow

and the two expressions are evidently equal. This change of coordinates may be
found in “Problems from the Book”, by T.Andreescu, G.Dospinescu,
XYZ—-Press,2008, p.3.

Now
1| 1 a ac ab
=R & eSS S I T e TR
a(b > (c C) bc b C G
v+ w v w uvw
- P + -
u u+w utv (utv)(v+w)(w+u)
ww(u? + v + w? + 2uv + 2vw + 2wu)
u?(u~+v)(v+ w)(w + u)
thus

Z b 5 Z wvw(u? + v? + w? + 2uv + 2vw + 2wu)
o w?(u+v)(v+ w)(w + u) .

cyc

uvw(u? + v2 + w? + 2uv + 2vw + 2wu) Z
(u+v)(v+ w)(w + u)

cyc

Moreover
clab+¢) (abc)?(1+ %)
a? +c2 +2abc)  (abc)2(2+ £+ 5)
1+2z' i o u

2+r+2z %+% T u+4w

thus the inequality becomes
wvw(u? + v2 + w? 4+ 2uv + 2vw + 2wu) Z_ Z u
(u+v)(v+w)(w+u) pos Seutw

or

ww(u? + v2 + w? + 2uv + 2vw + 2wu) (ww + vw + wu)? L2 Z u
(u+v)(v+w)(w+ u) (uvvw)? 4 &
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which is
(u+ v+ w)?(uv + vw + wu)?

uow

27
> -4—Zu(u+v)(v+w)

cyc

From here we have written two possible proofs.

Second solution. We rewrite the inequality changing notation (u,v,w) — a,b,c
namely

(a+b+c)%(ab + bc + ca)? 27 7 o . 9
T 2_ala+b)(b+c) = 3abc+ Y a’b+ Y a’c

abc e

cyc sym cyc

We use a well known result

2 4 3
R, <qp— -
E a“c 27(a,+b+c) abc

cyc

to write (*)

(@ + b+ c)%(ab+ bc + ca)? S 27
abc — 4

3abc + ZaQb + %(a +b+c)d - abc)

sym

We employ
(ab + be + ca)? > 3(abc)(a + b+ ¢),

and come to

b 3ab 2
M>lab +_Zab+ +b+c)3

sym

abc

or
8(a +b+c)® > 5dabe + 272 a’b

sym

which in turn becomes

8 a®+24) " a’b+48abe > 5dabc+27 Y a®b

cyc sym sym
Upon simplifying we get
62(13 +2Za3 > 6abc+32a2b
cyc cyc sym
and clearly the AGM yields

2Za3232a2b, 22a326abc

cyc sym cyc
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and this concludes the proof.

Third solution. We start with the inequality of the above proof
(a+b+c)*(ab+be+ca)® _ 27 (

4
2 3l
o 3abe + E a”b+ 27(a—{-b+c) abc)

sym
Now we employ the We employ the so—called “uvw” theory by Michael Rozenberg
(nickname Arqady) which can be found at
http://www.artofproblemsolving.com/Forum/viewtopic.php?f=55&t=278791
and also in a paper by Vo Quoc Ba Can, Can Tho University (Vietnam) which can
be found in the book “Mathematical Reflections, the first two years” by )
T.Andreescu, pp.480-490, XYZ-Press. Define new variables (after redefining z = a,
y=>b,z=rc)

a+b+c=3u, ab + be + ca = 3v?, abe = wd. (1)
By trivial AGM we have u > v > w and also
> a6 =9u? - 607, > 6 = 9uv? - 3u®
cyc sym

We have the following result which is the main point in the uvw-theory.

Proposition.  Given {v,w}, both the maximum and the minimum values of u
such that (1) holds, occur when two among {a, b, c} are equal.
In terms of (u,v,w) the inequality (*) reads as

27 4
92t > w3z (3w3 + 9uv? — 3w + 2—727u3 — w3>

which becomes
4udw® + 12u?v? — uvwd + wb >0
The derivative respect to u is
1202w + 24uv* — 9%w? >0

because uv? > v2w3. This implies that the inequality holds true if and only if it
holds true for the extreme value of the variable u. On the basis of the proposition
this occur when two among a, b, ¢ are equal. Thus we set a = b in the inequality (*)
and obtain
1 (8b% + 13bc + 6¢2)(—c + b)?
2 c
which evidently holds true.

>0

Fourth solution. By expanding the same inequality at the beginning of the first
proof we come to

Z(4a4b2 + 4a®b* + 5a3b?c + 8a%b? + 16abc) > 2(22a3bc2 + 7(abc)?)

cyc cyc -
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By 4(a*b? + a*c? + bcta) > 12a3bc? we get
Z(5a3b20 + 8ab3 + 4a'bc) > Z:(lOaBbc2 + 7(abc)?)
cyc cyc
Moreover
(ac)3 + ab%c > 2a3bc?
yields
Z(3(z3b3 + 4a*bc) > 7Z(abc)2
cyc cyc
and finally this follows by two obvious AGM’s
The inequality is inspired by the following one

1 L=
2 132 & 2 4 9he — st Z_¢c)>
a® + b° + ¢ + 2abe 1=>E a(b b)(c c)_2

cyc

which is problem 3645 of Crux Mathematicorum with Mathematical Mayhem, issue
May 2011. As you can check, my inequality is stronger than that.

WI11. Solution by the proposer. Evidently

b 1
R+ +E+2be=1 — —4 24+ 192=—
bc ca ab abc
If we call 3z =z, — =, i:z, we can read the constraint as
c ca ab
TH+y+z+2=xyz
Now we call
v+ w u+w u -+
T = 5 y..—_ y Z =
u v w
Indeed
vw(v +w) + (u+ w)uw + (v + v)uv
oyt R+ (ot w)uw + (o)
uvw
P (u+v)(v+ w)(w + u) — 2uvw
uvw

and the two expressions are evidently equal. This change of coordinates may be
found in “Problems from the Book”, by T. Andreescu and G.Dospinescu,
XYZ—-Press,2008, p.3.

a l_b l__ —._a;_%_a_b_l_ be =
b PR Bt =g R

v+w v w 4 uvw
u u+w u+tv  (wtv)v+w)(w+u)
wow(u? +v? + w? + 2uv + 2vw + 2wu)

u?(u+v)(v+w)(w+u)

Now




