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If(In)|=1+[37m] =1+[67m] =1+[3—"].

For n = 2m + 1 we have

12m2 +12m +4

3m? +3m+ 1 om + 1
n :]_ —_— = —
1 (Tl +[ 2m + 1 ] o 4
2 3 1
3(2";‘“)1“ [3(2m+1)+2m+1}
u 4 - 4
ol 3(2m+1)'_1+ 3n
B = e 4]

So,

Arkady Alt

W17. (Solution by the proposer.) First we solve the recurrence

tk+2 — tktr1 — tk = fr, k € N, wherefy, k € N are Fibonacci numbers. (1)

For any sequence (t,),~, We set F'(t,) := tny2 — tnt1 — tn and call F
Fibonacci Operator.

Easy to see that F' is linear operator, that is

F (at), + bt!) = aF (1) + bF (t!!) for any a,b € R.

Noting that

Fnfa)=0+2) farza—(n+1) fay1 —nfa=

=2fn+2 = fot+1 = fot1 + 2fne

and

F(nfn—l) = (n+2) fn+1 e (n+ 1) fa—nfa=
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= 2fn+2 ] fn+1 = 2fn-}—l i fn

we obtain

2F(nfn)—F(nfn—1):5fn — fn:F<@—fn—;ifn—_l>»n€N-

Hence,

(1) = F(tn)=F(2—nﬁ%nf";l) — F(tn_z_”fﬁ_—SLfE):

=0 < t, = B~ el ;nfndl

(* because for any solution sy of equation F (sp) = 0 there is real constants

a and b such that s, = afn +bfn—1,7 € N).
We determine constant a, b such that

2 —
- 2h—fo f0+af1+bf0=$1
{ 1 =4
= 2:-2fy—2
to = 9 f25 f1+af2+bf1:w2
2
2 2
—+a—ml i — =
25 {a I 5
g+a+b:a:2 b=z — 1

Then for

o= 2Bt (53 ot ) o -

A0 Dt g o

v

= 2(n — 1) fn —nfa
i 5
and since t; = z1,t2 = T2 then ty = xg, k = 1,2,...,n because
F (t) = fr,k=1,2,..,n —2 and in original system
F(zk) = fr,k=1,2,..,n — 2.(Since t; = x1,t2 = T2 and for any
k=1,2,.,n— 2 we have

+ Z1 fn—2 + T2fn1
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Thtl = Ui, Tk =t = gy = Tpyy + T + fro = tppy + 4 + Tk =ty
then by Math Induction ¢, = Tk, k =1,2,...,n). Thus,

2(k—-1 —kfi_
T = ( )? & 1+~"31fk+(962—371)fk_1,k=1,2,--,71

and

Tl —Tp — Ty = fn—l
T2 —T1 — 2y = f,
Noting that z = z,, + Tn1+ fn1=th+tn 1+ fro1 = tn+1 and
L2=T1+Zn+ fo =ty +ty + fr = tn+2 wWe obtain

{ T1 = tpy

—
T3 =1lnyo

2n —(n+1
xry = fn+1 (n )fn + 21 fn +x2fn

5
2(n+1) frya — (N +2) farr B

Ty = 5 + T1fn + T2fni1

xy (1 — 1) — zofn = 2nfoi1 — (n+ 1) £

(2)

5
—Z1fn+ 22 (1= fop1) = 2{r 1y f"+25_ (n+2) fay1

Checked! Since f, 1 fri1 — {2 =1 (Cassiny Identity) then

1=~ fn—l —fn sl
det < -7 il an) =

= (1 i fn—l) (1 iy fn+1) _fr% =L +% (_1)n — fn—1— Jnr1 #0

for any n € N and we obtain : .
1. By elimination z5 :

z1 (14 (-1)" — o1 - fat1) =

_ @Cnfai = (4 1) fu) (1= fai1) 4 2n41) faye — (0 +2) o) fa
) 5
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(2fn+1 — fn+2 (fnfn+2 o f7%+1)) n+ fn(2fni2 — fap1 — 1) i e
5

(o1 + ot + 20" 0t fo sz + fu = 1)
== : —

(1 + Fat #2610 k- o (fara + fu— 1)

T = 514 (=1)" = foy = fnt1)

and
Checked!

2. By elimination z; :

22 (14 (-1 = fors = foay) = DIt 2O Dfa)fo

+((2 (m+1) fara— (0 +2) fot1) £) @ —Fall) o
. -

A fn (fn-f—l —Ja+ 2fn+2 =+ fn—lfn+1 - 2fn—lfn+2) n— f'n (fn I 2fn+1 S 2fn+2 = zfn—l.}
5

= %((fnﬂ = fo+2fnv2 + fa1fast — 2fney fri2) n—

— (fn +2fnt1 = 2fns2 — 2fnc1 fat1 + 2fnci1 fnya))-

Since

fn+1_fn+2fn+2+fn—1fn+l-2fn—1fn+2 e 2fn+1+fn+2—fn—1 (2fn+2 = fn+1) e

=2fnt1+ fri2 — fao1 (2fn + Jnt1)

and

fn+2fn+1—2fn+2_2fn—1fn+1+2fn—1fn+2 = —fn+2fn—1fn = fn (2fn—1 = 1)
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then

fn (2fn+1 S fn+2 = fn 1 (2fn + fn+1))n . fn (2fn 1 — 1)
(14 (—1)" = fa1 — fat1)

Thus, solution of the system can be calculated by formulas:

Tr9 =

(Fort + Faot + 21" 0t fu (fa2 + f— 1)
( ( 1n_fn l_fn+1) ,

)
In Cfni1 + fagz — fao1 @fn + fat1))n — f2(2fn_1 - 1)
( ( )n_fn l_fn~|—1)

Ir1 =

T =

and

T =

2(k—1 —kfi_
( )J;k Ji l+331fk+($2—$1)fk—1,k=3,--,n

Arkady Alt

Second solution. For every k € [1,n — 1], by suming up every line of the
system which contains xj, we have :

—zr — (0 — 2)z 41 = Sk,

and

—Zn— (n—2)z; = S,

where Sy, ...S) are integers satisfying the relation :

Zsk_ n—1) ZFk_ n—1)(Foz — 1).

Now, let X := Zk:l zk. By suming up all the above equations, we have :

—(n = 1)X = (n = 1)(Fn+2 & 1) S X = _(Fn+2 = 1)

But on the other side, by suming up all the equation of the initial system, we
have :

Frio—1
—n—-DX =Fpa-1eX=-242""
n—2
Hence, the system of equations can be solved if and only if

Foio—1= %21 which means that n = 3.




