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W15. (Solution by the proposer.) Let

n n n
m
omk (1) = Z Z Z min {iy, 2, ..., ik} -

i1=1i2=1 =1

Since
" min"™{41,i2,...,ix }
min {i1, iz, ..., ik} = > 1
t=1
and
L
YL ’ 1<t <t
I <t <min {8, 92,..., 55} & 2
1<t <P
then

min™{i1,iz,...,ix }

n n n
omk (n) = Z Z Z 1 =|Diat|,
i1=1 iz=1 =1

t=1

where mDeg is set of all k + 1-tipples (t,41, i2, ..., i) which satisfy to system
of inequalities

1<i.<n,r=1,2,....k ey 1<t<n™
1<t<i®,r=12,..,k

Hence,

and [ V] =p+1forte {p™+1,(p+1)"} then
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n—1 (p+1)™ n—1 (p+1)™
e =3 3 (o= [Vi]41) =3 Y (-pf-
p=0t=p™+1 p=0t=p™+1
n—1
=) e+ )™ =p™) (n—p)*.
p=0
In particular
n—1 n—1 n
ok(m) =) (P+1)=p)(n-p* =3 (n—p)*=3"p,
p=0 p=0 p=1
n—1 n—1
o2k =3 (0+ 12 1*) (0 =) = 3 @p+1) (n—p) =
p=0 p=0
-> 2(mn—p)+1)p" = (2n+1) 3 pF 2zn:p’“+1
p=1 p=1 p=1
Note that
n—1
Omg () =Y ((p+1)™ = p™) (n - p)* =
p=0
n—1 n—1
P+D"(n+1=(p+1) =3 p™ (n-p) =
p=0 p=0
n n—1
= P n+1-p)f =" (n—p)*
p=1 p=1
Let 1 ( Z ™ (n—p)* then Omik (1) = Ok (N + 1) — S i (n) .

Also note that

n—1 n—1
dmg (M) = D" (n=p)" =" (n— (n—p)™ (n—p)* =

n—1
=Y (n—9)"¢" = (n)

q=1
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and
n—1 n—1
St (1) + Omyr g () = S p™ (n—p) ' + > pmH (n—p)" =
p=1 p=1
n—1
= p" (n—p)*(n—p+p) =ndmi(n).
p=1
In particular,
n—1 n—1
Sipm) =Y pn—p)f =Y (n-p)p‘=
p=1 p=1
n—1 n—1
= ank — ZpkH =nsg(n—1) — sgp1 (n—1)
p=1 p=1

checking

01k (n) =

=0k(n+1)—d1k (n)=(n+ 13 sk (n)—8k+1 (n)—nsg (n — 1)+sg1(n—1) =

= s, (n) + 7 (5% () — sk (n = 1)) = (sk41 (1) = sp41 (R = 1)) =

= sk(n)—l—n-nk —nkt! = 54 (n)
and

02k (n) = ndy k (n) — 01 k+1 (n) =
=n(nsg(n—1) — 8k41 (n—1)) —nsgy1 (n—1) +sp2(n—1) =

=n2s; (n—1) — 2nsg1 (n — 1) + 542 (n — 1).

Suppose that

g () = 2:; (1 () snames(n =

7
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then

Omt1,k () = ndp i (n) — Oy k41 () =

Zi(—l)m_i <7;z) 'Skpm—i(n — 1) 12’": < )n Skt14m—i (N —1)=

=0
m
Z 1)m -G+ (T) S mr1— (i) (n— 1) —
=0
m
=S (Tt - ) =
i=0

m+1 ] - )
=y (- (z _ 1>n13k+m+l—i (n—1)+

2 g( D™ nlsgymy1—i (n — 1) ((z T_nl) & (T)) i

+ ()™ spp14m (n— 1) =

m+1 m+ 1
D D ] O

m+1

=) (-ymH <mj 1) W skimt1—i (0 —1).

i=0

Or, using formal operators, we can obtain the same result much shorter:
Since Smy1k (1) = ndpk (n) — 41 (n) and

01k (n) =nsk (n—1) — sgr1(n—1) then using identical operator I defined
by I (ax) = aj, and shift operator S defined by S (a)) = a4, we obtain
S1k(n)=(n-T-S)(sk(n—1)),02%(n) = (n-I—28)*(sxg(n—1)). Since
from supposition 6, 1, (n) = (nI —S)™ (s (n — 1)) follow
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Smirk (n) = (nI = 8) (B (n)) = (nI = 5) (nd = S)™ (sk (n—1)) =

= {nl = S)m+1 (sk(n—1)).

Hence

G () = fj (-y™* (’”) (04 1) stermms (m) = P'sm—s (1 = D).

X (2
=0

Since Sgym—i (M — 1) = Skym—i () — nktm=i then

Om,k (n) =
'

:i(—l)m_ (T) (((n+1) —n)skﬂn# (n)+n pktm )—
=0
= 3 m—i (T n —n') Sgrm—i (N
=3 (1) (@027 =) s )+

Thus,finally

m

omi ) = 32 O (1) (1) =) sams () =

i=1
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As example we apply obtained formula to determine o33(n) :

733 (n) = 3 (-1 (3) (0 1) =) sim—i () = (24 1)° — ) 53 m)-

=3 (0 1) —02) 54 (n) + 3 (n+ 1) — ) 55 () =

= (3n® +3n+ 1) s3(n) — 3(2n + 1) 54 (n) + 355 (n).

Since P
n(n+1)(2n+1)(3n? +3n—1) n? (n+1)2 (2n* +2n —1)
= 30 185 (m) = 12
then
n*(n+1)° (3n*+3n+1)  n(n+1)(2n+ 1) (3n2 + 3n — 1)
033 (’I’l) = — +

4 10

2(n+1)* (2n2 + 2n —

Arkady Alt

W16. (Solution by the proposer.) Let I,, := {1,2, ...,n} and
2
f(k):= [%] Jfor any k € I,,. We have to. dtermine |f (I,,)].

Consider two cases.

Casel. n is even, that is n = 2m.
Lemma. For any k € I,,, holds inequality

fk+1)—f(k) <1
Proof. First we consider k € I,,_;. Let 1 < k < m — 1then

2




