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2500 4.y > ( §(2n—k) (k) _ S(2n>) = (2-n) 8OM + 3" gCr—HK gk
k=1 k=1

How the sums S*) are integers, then the sum 7%, is also an integer.
W28. Solution by the proposer. Since

Frpi1+ Fpo1 — F2 = (=1)" (Cassini identity)
then for

(z0,%0) = ((=1)" Fre1, (-1)" F,)

we have

Frv1o — Fpyo = Fog1 - (-1)" Fpo1 — By - (1) F, =

= (=)* (Fogr  F1 — F2) =1
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and, therefore
’ Foioix—Fuy=1F,hwc—-Fy=F,-(-1)"F,1—F,-(-1)"F, &

= Fn+1 (CB e (—l)n Fn—l) = e (y — (—1)”’ Fn) -
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RE Z. Thus

D, ={(z,y) |z =tF, + (—1)" Fh_1,y = tFpy1 + (-1)" Fp,t € Z}

(xg;ie%n @ +y| = min |¢ (Fn + Fa1) + (=1)" (Fa-1 + Fo)| = mine (£)

where @ (t) := [tFph+2 + (—1)" Foya] .

Since
n (_1) FILTL
Fn+2
and
Fn+1
bl == < 1
‘ *l Fn+2

then integer t which minimize ¢ (t) must be among to ¢, integers, that is.
Thus

min ¢ (t) = te{rgl}%,l}so(t) =min {¢(0),¢(1),¢(-1)} =

=min{Fn+17|Fn+2+( 1) Fn+1| | n+2+( 1) n+1|}
If n is odd then

min {Fp1, |[Fri2 + (—1)" Fopa|, |- Friz + (=1)" Faa|} =

= min {Fnt1, Fnt2 — Fay1, Frny2 + Fop1} =
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= min {Fn+la Fh, Fn+3} =@ (1)

If n is even then
min {Fni1, Fpio + Frt1, |—Fat2 + Fota|} =
F| ‘
i

= min {Fn-l—la Fn+3,Fn} =@ (_1)
So,
min |z +y|=F,
(x,y)eDn| W =Fa

b).

2] + |yl = [tFn + (—=1)" Faca| + [tFnga + (-1)"
By replacing ¢t with (—1)""" ¢ we obtain

|$|+|y|: ltFn_Fn—1|+|tFn+l“‘Fn|:

max{ltFn — Fa1 +tF,1 — F, |tFn —F1—tF, 1 + Fn|} =

— max {[tFuta — Fuyi] |~ Fao1t + Froal} =

= maX{ItFn+2 o Fn+1| ) IFn—lt i Fn—2|}
Lemma. Let p,q > 0, a,b € R. Then

. lag — bp|
1 —py =2 F
i e == o iR = =
. . L +b
and attained if £ = %'Jr—q.

Proof. First note milr%l (max {|pz — a|, |gz — b|}) = mint where t provide
BAS

solvability of inequality
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t>|pr—a
thax{lpw—a|,|qm—b|}<:>{t)!qw_bil &
a—t tta
—t<pr—a<t P LES N
—t<gqr—-b<t b e b
[a— tb t) ([t+a t+b)
G BT et TR s
p q p q
Condition of solvability is
act < b qla—t) <p(t+b)
-t p(b—1t)<q(t+a)
aq—pb
ol G st lag —btp| _,
ol B p+q
pt+q —
Thus
min (max {|pz — a|, |gz — b|}) = g =)
zER , p+q

Assuming WLOG that ag > bp, by substitution ¢ =

p+q
we obtain z = “—+b Indeed,
ag—pb ag—pb | 3
t+a _ Tpig te 2ag+ap—bp t+b _ iy T
p p p(p+q) q q
and
2aq+ap—bp a+b 2 ag — pb
p(p+q) p+q p p+g
a+b a+b __ atb
Hence z < i . Similarly we can obtain - <A, 80, B = pta’
Corollary. Let p > ¢ then
. |ag — bp|
min (|px — a| + —b|) = —
zelR(lp |+ gz ) p+q

Proof. Since

1193

(1)
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lpz — a] + lgz — b| = max {|(p+ @) z — (a + B)]. |(p — @) 2 — (a - D)f}

a+b)(p—gq)—(a—b)(p+ gl _ |ag—bp)

v = Al (p+a)+(@—q) p

and equality occurs iff

_(a+b)+(a—b) 2a

Throt+w-9 2 p

So,

lag — bp|

. N S
glelg(lpw a| + |gz — b) -

and attained if x = %.

Application. Since

@ + [y] = [tFn — Foaa| + [tFnt1 — Fal

and F,+1 > F, then by Corollary for real ¢{ minimum of

|tFn — Fny1| + |tFny1 — F,| attained if t, = Fﬁ'" < 1 and closest to t

+1
integer values of t are t =1 and t = 0. Therefore,

in |tF,, — F, F; - =
Iéfélél't n n+1| + lt n+1 Fn‘

B ———

:min{IO'Fn—Fn+l|+l0'Fn+l_Fnla‘l‘Fn—Fn+1|+|1'Fn+1_Fn|}=

:min{Fn—l+Fn7Fn—Fn—l+Fn+1_Fn}:min{Fn+l,Fn}:Fn

22 + 4% = (tFy — Fpo1)® + (tFng1 — F,):=

= (F2+ F2,,) t? — 2F, (Fo1 + Fapa)t + (F2+F7_))

Since
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F2_, + F2 = Fon_1 and Fy (Fpy1 + Fao1) = Fon
I then

2 +y? = Foni1t? — 2Font + Fon 1

Quadratic trinomial F2n+1t — 2Fy,t + F5,_1 attain minimum in R when
= L 2” < 1 and, therefore, minimum in 7 can be attained in one of two

F2n
integer pomts closest to f Z“ that is when t =0 or t = 1.
Thus

min (:1:2 =& yz) —

— min {Fans1 - 02 — 2Fpn - 0+ Fan_1, Font1 - 12 = 2Fon - 14 Fon1} =

= min {Fon_1, Fant+1 — 2Fon + Fop—1} = min {Fop—1, Fon—3} = Fan-3

W29. Solution by the proposer. Let P be a point in AABC' with
barycentric coordinates

(pa:pb,pl:) == ('Ta Y, Z)

Let R, := PA, R, = PB, R, := PC and Ap, By, Cp be foots of
perpendlculars from P to sides BC,CA, AB respectlvely Also, we denote via

dg := PAp,dp := PBp,d. := PC,
and

» := BpCp, by := CpAp,cp = ApBp
(side lengths of pedal triangle A,B,yCp). Let F:= [ABC| and

= [PBC], Fp := [PCA], F = [PAB]|.
Then
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and

F, ad, Fb bd, _F. .

=T ot ggt E aF
Since ZB,PCy = 180° — A then, by Cos-Theorem

2 _ 2142194
wbl C| ~wpwe

re)
w,

b2+02—a2
and cos A = —%c
h21 2,2

Using dp = =—,d; = 22l and cos A = —E—b—“ we obtain: i

o 4p§F2 g 4p?F? i dpypcF? b+ - a?
P b2 2 be be

AF? 272 2 2 2
:W(pbc + pob +pbpc(b + ¢ —a))z

4F?
= pa — pe — Pa) & + pe (1 — pa — po) b* + pope (b + ¢ — @) =
b“c

2

AF
= 53 (ppc? + peb® — Popea® — Pepad® — Papic?)

Since abc = 4F'R then

AF?  4d’°F*  d*F?
b2c2  a?b2c? 4R?
and, therefore
2 172
a‘F
a_% = AR2 (pb02 +pcb2 . Pbpc02 - pcpab2 e papbc2) (1)
Also, since quadrilateral AB,PC, cyclic with diameter R, by Sine Theorem

we obtain:

. a aR,
ap = RasinA = R, - SR 9R

By substitution a, = “1}% in (1) we obtain barycentric representation for RS

R2 = pypc® + peb? — popea® — pepab® — Pappc’ 2)

= __ad bd et
Since pa = 47, Db = 35, Pe = 5§ then
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bczd b2cd, be
Vain 2 h b —_— —
ppc” + peb ¥a + 5F ¥a - (edp + bed.)

and applying inequality aR, > cdy, + bd. we obtain

abcR,

ppc? + peb® < — 2RR,

1 _ bd _ o
Since pp = 57 and pc = 5 then

s _ VPP dyde _ oo dide
PePe® = "4pa " Tpe e

R2 = pyc® + pcb® — popea® — pePab® — pappc’ <

< 2RR, — 4R? Z d”d & (R— R,)? < R? — 4R? Z d”d

cyclic cyclic

and, therefore

a2yz + b2z + Czy = Z DpPa’ = == o0

cyclic cyclic

______

g Z aszdbdc - a2b202 dbdc .

: Al 2
cyclic R 4F cyclic be
— 4R? Z d"d < 4R?. 31 R?
cyclic

Second solution. We have (Stevin - Bottema) the following result:
If z,y, z € R and a, b, ¢ side lengths of triangle AABC and R circumradius of

AABC, then
alyz + Vzz+ Ay < RP (2 +y+ 2)2.

Taking account of z + y + 2z = 1, we obtain our result.
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Daniel Vécan

oy the proposer. Noting that

-
<
o
@
w
(=]
[y
=
[l
o
(@]
=
cd

il e e Ll I
N 2) & knk \n™ )
we obtain that

k=1
SN (1) e
2 i nm = k+1
/ 1 \ /1 N\
+n Okn—m) = Pp_1 (n)+n OK—TF)
Since
1
ml 1 — — Pm— = nm —
n n( +n> 1 (n) n0<nm\
then
1
min (nm In (1 + —) — P (")) =0
n—00 n
and, therefore,
A+t (7 n(142) P ()

lim = en—oo =l
n—00 er—l(n)

(1 - 1) ~ efm-1(n)
n

W31. Solution by the proposer. First note that z # 1 and y # 1
because otherwise we get x = y = 1. Let

Thus,
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D<= {(2,y)|z,y € R,z < y and z¥ = y*)

Due to symmetry we have

inf (z—1 —1)= inf rz—1 -1
(m,y)ED( ) (y —1) (I’y)eD<( Jig=1)

Let f (z):=z=, > 0. Since

f(x)
3 (1-Inzx),

f'(z) =

then f(z) strictly increasing on (0, e] and strictly decreasing on (0, co] with
1

max f (z) = f (e) = ct.

x>0

Therefore, noting that

xy:y””@w%=y%®f($)=f(y)7

we can conclude that

(Ty)eDe=rz<e<y

(otherwise if z,y both belong to (0,e) or (0,00) then, due to monotonicity of
f(x), equality f(z) = f (y) yields = y, that is the contradiction. And in
case T = e, since y # e we again obtain contradiction f (e) = f(y) # £ (e).
Also note that if (z,y) € D< then z > 1. Indeed, since

xyzy“’®x:ylogyx

and y > e then supposition z < 1 implies 0 < % =log,z <0, ie.
contradiction. Hence

(z,y) € Dc = z € (1,€),y € (e,00)
Let ¢ :=log, y — 1. Then

log,y=t+1ey=gtt!

and

y=zlog,yey=z(t+1)
By substituting



we obtain

t+l=ator=(t+1)E=>y=(+1)HE

where t > 0 (since 1 < z < y). Thus,

[ S {((t—l— )7, (¢ + 1)”%) it € (0, oo)}

is set of all non-trivial solution of equation z¥ = y®, satisfied x <y
Let

HR)=@E-Dy-)=(-1)E@t+1)-1)=z(z-1)(t+1) -2+
We have

o) =

=@z-1a' (t+1)+2*—z—a = (22— 1) (t+1) - 1) +2” -a=

=2 2c(t+1)-(t+2)+2*-z=

=z(2z(t+1)— (t+2)(nz) +2* -z =

= (@(t+1) - (¢+2) (M),—Fw—l) .

t

:x((Q:c(t+l)—(t+2)) (t(ll—l—t) —m(i;t)) +a:—1)

Since by Bernoulli inequality
Tl 1
L+t > 14+ (14 Jt=2+¢
then

2(1+8) 1 —(t+2)>4+2t—t—2>0
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and also, since In (1 +t) < t, we have
1 1 1
41 -1l | =5
I t(1+t) 2 )“L( gkt (t(1+t) t2)+

+@+U%_1:(Hﬁ;ﬂ—%>+“+”%_1:

1 i
= FE+D)T =+ ——— =

141 141

(t+UH%—t>1+tU+i) e
14% 1+¢ T

So, H (t) increasing on (0, 00) and, therefore
(I—l)(y—1)=H(t)>%1H3H(t)=(6—1)2
_}

Hence

(m,i;;feD (-1 (@-1)=(e-1)

W32. Solution by the proposer. The series equals

~2¢(2) +3¢(3) — F<(4).

We need Abel’s summatlon by parts formula, which states that if (an)n>1
n

and (bp)n>1 are sequences of real numbers and An = > ak, then
k=1

kZ agby = Anbnt1 + Z A (b — brg1), or
=1

Zakbk = hm Apbny1 + Z Agr(be — bri1)- (1)
k=1

The following identity can be proved by mathematical induction.

n
ZH’“ =(n+1)Hpy1—(n+1), n=1
k=1
We apply formula (1) with a, = H, and
b, = ¢%(2) — (1+ 7; + -+ ;15)2 2':(2) , and we have, based on formula (2),
that



