Jozsef Wildt International Mathematical Competition
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The solution of the problems W.1 - W.62 must be mailed before 30. September 2017, to Mihaly Bencze,
str. Harmanului 6, 505600 Séacele - Négyfalu, Jud. Bragov, Romania, E-mail: 1benczemihaly@gmail.com;
benczemihaly@yahoo.com

WL1. If z,y, z are positive real numbers, and 2% + zy + % = 25; % +22=9and 22+ 22+ 22 =16
then compute xy + 2yz + 3zx.

Chang-Jian Zhao
W2. Prove that z* < z2 —x+1—x(1—x)4 forall0 <z <1.

Perfetti Paolo
W3. Let a,b,c,d,e > 0 and

Zaia—&—b—i—c—i—d—i—e
Zab:ab+ac+ad+ae+bc+bd+be+cd+ce+de

Z abc = abc + abd + abe + bed + bde + bee + acd + ace + ade + cde
Prove that

G(Za)3 + 252@()0 > 202@2@()
Perfetti Paolo

W4. Let p € N,p > 2. Determine f: R — R continuous functions, derivable in g = 0, which ferifies
the relationship: f (px) = fP (x), for any = € R.

Nicolae Papacu

W35. 1. Prove that for any natural number n > 2 and for any natural numbers ay, k = 1,n,
{a1,a9,....,an} = {1,2,...,n}, there are positive integers x1, xa, ..., , > 1 so that

X1Z2...Tp = Q11 + A2 + ... + ApTy.

2. Determine the natural numbers n > 2, so that for any natural numbers a, k = 1,n,
{a1,a2,...,a,} ={1,2,...,n}, there are positive integers 1, xa, ..., > 1 such that
1<z <29 < ... <2, and

T1L2...Ln = G121 + 222 + ... + AnTy.
Nicolae Papacu

W6. a). Study the monotonity of the function f : (0,+00) — R where

2
f (z) = dzarctgr + 2xarctg§x — 3z + 2w

b). Solve in (0, +00) the equation

2
dxarctgr + 2xarctg% = 3z —2) 7.



Tonel Tudor

W7. Let a > 0 be a real number. Compute the value of the following integral

a
t
/ 1Cos i
|

José Luis Diaz-Barrero

WS8. Let p, g be integer numbers and let

3P 474
g 0 P42 1}

Show that A is neither an open set nor a closed set in R with the usual topology.

A{x€R|x

José Luis Diaz-Barrero
WO. Let p > 5 be a prime number. Prove that p® divides (2;’) —2.
José Luis Diaz-Barrero
W10. Calculate -
> Hn (((n) = ((n+1),

n=2

where ¢ denotes the Riemann zeta function and H,, is the nth harmonic number.

Ovidiu Furdui
W11. Calculate

iy

2 sin
/ _smr g,
o (14 +/sin(2z))?
Ovidiu Furdui
W12. Let p > 3 be a prime number. Solve in My (Z,,) the equation

xr— (P! 2 .
p—1 1

W13. Let A (z,y, 2) := 2(xy + yz + x2) — (22 + 4% + 22) and let a,b,c be sidelengths of a triangle.
Prove that

Ovidiu Furdui

A (a,b,c) - A (a3,b3,c3) > 3A (a47b4,c4)
Arkady Alt

W14. Let f (u,v) be continuous in (1,0) homogeneous function of order m (that is for any ¢ > 0 holds
f (tu,tv) =t™f (u,v)) and let Dy be set of strictly decreasing sequences of positive real numbers with
first term equal to 1. For any sequence zy := (21,22, ..., Zp,...) € Dy let

Sp(an) = 3 f (@arsr)

n=1

o0
if series Y f (@, xny1) converges and Sy (zn) = oo if it diverges. Prove that

n=1
. . f(L)
f{s e D} = .
inf {8y (on) Lo € Di} = min 70




Arkady Alt
W15. For any given natural numbers m > 1,k > 2 prove that

n n n
SO min™ {iy iy, ik} =

i1=1io=1 ip=1

=31 (1) 0 ) s,

i=1
or

Zi:l zi:l zn: min™ {iy, iz, ..., ix} = zm:Z (—1)m (T) (;)n”sﬂm_i (n)

ip=1 i=1 j=1

where s, (n) = > kP, pe NU{0}.
k=1

Arkady Alt
W16. Find number of elements in image of function
k2
ks {] :{L,2,...,n} — N U{0}
n
Arkady Alt
W17. For any natural n > 3 solve the system.
Thyo — Thp1 — Tk = fr, bk =1,2,...,mn =2
L1 —Tp — Tp-1 :fnfl ;
Ty —T1 — Tp = fn
where f,,n € N Fibonacci number, that is fo =0,f; =1 and f,41 — fn — fre1=0,ne”Z
Arkady Alt

W18. Let p be an integer and a positive real number. Prove that
°© aP —a~P
Z arctan (| ——— | = 7p.

Angel Plaza

W19. Prove that if a,b,¢,d € R; (a® + b?)(c? + d?) # 0 then:

’ a(c+d)—blc—d ’ ‘ (ad — be)(ac + bd)
V@2 +02) (2 +a2)l 71 (a? +b%)(c® + d?)

Daniel Sitaru

‘W20. Prove that in any AABC' the following relationship holds:

(r2 +r)? Tq — 8T
4 >9
Z7“34—167“7“@4—127“2_ Jrzra—i—r

Daniel Sitaru



W21. Prove that if 0 < a <b < 5 then:

3 b 1
— ———dx > cot 2a + cot 2b
2 /a v1 — cosdx
Daniel Sitaru

W22. Prove that if z,y € R; z € [0,00) then:
zsin(z — y) cos(x + ) + cosx + cosy < cos(z + z) + cos(y + z) + 2v/2z

Daniel Sitaru

W23. Prove that if a, b, c € (0,1] then:

(e — 1) —1)(e” —1) < (e — 1)3a%b2c>

Daniel Sitaru

W24. C;? (R, R) the set of pice wise continuous function 27— periodic. Let ¢ > 27, find the optimal
constant my (t), mg (t) such that Vf € C5° (R, R),

2 t 2
mi (1) / P < / P < ma (1) / I
0 0 0

W25. A e M, (C) such that exp (A) = —I,,. Prove A is diagonalisable.

Moubinool Omarjee

Moubinool Omarjee

W26. A€ GL, (k) when K community field with characteristic different than 2. B € M, 1 (k),
C € My, (k). Suppose 1 + CA~!B = Oy. Compute det (A + BC).

Moubinool Omarjee

W27. Find RILII;O "t

D.M. Batinetu-Giurgiu and Neculai Stanciu
W28. Let v, = —lnn+ kil T nl;ngo Yn, = 7. Find nhﬁn;o (Y —7) ¥/(@2n — 1)1

D.M. Batinetu-Giurgiu and Neculai Stanciu
W29. Let S, = —2/n+ kzz ﬁ, nh_}rrgc $n = s (Ioachimescu constant). Find

lim (s, —s) &%/ (2n — 1!

n—oo
D.M. Batinetu-Giurgiu and Neculai Stanciu

‘W30. Find the probability , so that throwing two dice, their sum to be equal with the last digit of the
number 20172017,

Laurentiu Modan

W31. Let M be the set M = {f : X —» Y\ |X| =n,|Y| =m, f surjective} . Study if there are sets X,
so that |[M| =10 and C},, =m? — 1.



Laurentiu Modan

W32. Let G be an unoriented graph, without multiedges and loops, hawing n vertices. Let A be the
adjacency matrix of G, with

4 55 5

( 5 4 5 5

SN OA3 —

D-A=1 5 5 9 o
55 2 2

ii). P (A\) =A* = (n+1)A2 4+ a\, n,a € N is the characteristic polynomial of G.
Find the spectrum, Spec (G) draw the graph and establish its planarity. Find another graph G’,
cospectral and non-isomorphic with G.

Laurentiu Modan

W33. Let K D N be a field with the characteristic p, where p is a prime number. Prove:
i). 3P 4P 5P determine an arithmetic progression,
ii). 3p+1 =14+ 22p+1722p -1 +3p7 (%)pfl -1

Laurentiu Modan

W34. Let A, B € M, (R) two matrices, at least one noninverted so that A2 + 3AB + B? = BA. Prove
that

Tr(AB)=Tr(A)Tr(B).
Stanescu Florin
W35. Let f,g:[0,1] = R two convex functions and continuous on [0, 1] such that f it is differentiable,
with f’ concave, and g the positive on [0,1]. If 0 < (f (1) — f(0)) - g (0) = f" (0) flg () dz, then
i). Give an exarlnple of such functions, Whel;e g is not increasin on [0, 1] ’

ii). Show that Off (z) g (z)dz > Jf (z) da:ofg (z)dz

Stanescu Florin
W36. Is considered a, b, c three complex numbers, which have that following properties:
a). g4 lpepa

10
- 3
b). max (arga,argb,argc) < 7

3 2
IfA= zl: (%) , show that the inequality |7 — arg A| < arccos (3 |A])
cyclic

Stanescu Florin
‘W37. Prove that in a triangle ABC we have the inequality

Zsec( )+f>22tg<7r+14> 4Rs+r.

cyclic cyclic

Stanescu Florin

‘W38. Find sum of series

> k:2€+€3
>y b N

k=11l=k+1

P4l Péter Dalyay



‘W39. Let p be a positive integer, and let m be an odd positive integer. Find the maximal power of 2
m
P4l Péter Dalyay

that divides sum Sap(m) = > k?P-t!
k=1

‘W40. Let z, y, z be positive real numbers such that xyz = 1. Prove that
Pal Péter Dalyay

(ac4 +yt + 2'4)2 > 3(m5 + 95 + z5).

o~
M
< |2
NN

-o\

> /2 (22 4+ y?) for any a,b,x,y € R}
Ovidiu Pop

+
€T
2

‘W41. Prove that (% + %)

W42. Let a, b, c be a real numbers , with the property 0 < a <b < c.
1
Z3

1). Prove that Saf?lerSc 4 3b72153+5a i 3c—2ca+5b > 18
2). If ¢ < 242 and b > 2482 then g—fe + s + 5oy
Ovidiu Pop
W43. Let be A,B € M, (C) and n;,m; € N* i € {1,2,..., k} such that
(n1,n2,....,ng) = (M1, ma,...,mi) =1 and A" B™ = Am2B"2 = . = A™B" = [, then exist r € Z
such that A" = B" = I,,.
Marius Dragan and Mihaly Bencze
W4d. Let (2,),5; and (yn),>, be two sequences of real numbers such that nhﬁn;o In =0,
lim (ki T — yn> = a € R. Prove that
=1
=a+ g

lim z, =0,
n—oo n— oo

hm L{’? == ﬂ € R7
n n
Marlus Dragan and Mllla’ly BeIlCZe

n—o0
lim
n—roo
W45. Let be p; € [0,1] (i = 1,2, ..., k) such that p; + p2 + ... + pr = 1, n > 1 real number. Prove that:
k k "
= () +
i=1

i=1

+ (p1p2 + paps + o+ pr—1pr)” + oo+ (D10& + P21 A o A PEPE-1)"
Marius Dragan and Mihély Bencze

k k k
) +5(5) +8(5) =»

W46. If k > 1 then
k k
5 5
2 2 — —
< > + <13) Nk (26 26

Marius Dragan

Generalization.

W47. Compute
1

i) nl;rr;obf{x} {2z} ... {nx} dx

b
). [{na}"dx,a<b



Marius Dragan

W48. Let A € M,, (R) be such that a;; > 0, i # j with the sum of elements from every n — 1 lines are
zero and the sum from the line n is nonzero. Then det A # 0.

Liviu Bordianu and Marius Dragan

‘W49. In all triangle ABC' hold

(Zma)2 < 3s% + %min{(af b)2;(bfc)2;(cfa)2}.

Marius Dragan

W50. In all triangle ABC' hold

Za(ha—Qr) < a—i—b—l—cgz(b—ﬁ—c—a)(ha—%).
hq + 2r 5 hg + 21

Mihély Bencze

W51. Let f: R — R be a continuous convex functon and ag, Ay > 0 (k= 1,2,...,n) such that

> A = 1. Prove that

k=1

W52.

W53.

W54, If aj, > 0 (k =

W55.

k=11<i1<...<ipx<n

k=1

S|
o
\

K.\_'

M
> -

B
)

Ead
—

~

S

N~—
&
)

Mihaly Bencze

4k ~ n(n+11) (n® + 11n + 58)
2 (i1 +3) (ig +3) ... (ix +3) 840 '

Mihaly Bencze

If F, denote the k*" Fibonacci number (Fy = Fy = 1, Fj,40 = F, 11 + F,,) then

N eFrt1 _ oFk

Fr_q

> e%(F"“_E’).

k=1

Mihaly Bencze

1,2,...,n) then

Z arctg \ﬁ

cyclzc

Mihaly Bencze

In all acute triangle ABC' holds

(3 Ve + Y Vewa)’ <3f<3+z““f“A)>.

COS



Mihaly Bencze
W56. If P,=0, P, =1and P, =2P,_1 + P,_ for all n > 2, then compute

i arctg sz“ _ PkQ arctg 2P]€2+1
Pt 2 (PuP2,, Prya2 — 1) PpPZ,  Prio+1

Mihaly Bencze
W57. Prove that if a,b,¢,d € [1,00) then:

3 n 3 n 2 n 1 -
a+1 b+1 c¢c+1 d+1

1 1 1

6
< +1+a+b+1+a+b+c+1+a+b+c+dw

Daniel Sitaru

W58. 1. In any triangle ABC, we have the following inequality:

amg + bmy + eme > a® + 0% + ¢ — ab — be — ca + 64\,

where a, b, ¢ are the lengths of the sides: mg,.ms, me, m. - the lengths of the medians and A— the area
of the triangle ABC.
2. In any triangle ABC), the following inequality holds:
a—>b
. .
Nicugor Minculete

c—a

b

v

+

a*ha *h cfhc 2 b*
\/m +\/mb b+\/m £ C+
a b c 2 a

‘W59. How many squares can you draw on a finite lattice board defined by

B={(z,y) e NxN:0<z,y<2017},
in such a way that all vertices have integer coordinates 7

Ovidiu Bagdasar

W60. Find the number of segments having integer length that can be drawn between points of the
finite lattice board defined by

B={(z,y) e Nx N:0<uzy <2017}
Ovidiu Bagdasar
W61. Let x,y,z > 0 be real numbers. Prove that the following inequality holds:
a3y 323 4 2323 > ayz(aPy + P2 + 2Pn).
Ovidiu Bagdasar

W62. If A>0,B>0,A+B<m and 0 <A< 1 then

— 29

22 +1
cos? MA + sin® AB — 2cos AA - sin AB - sin A\t — cos? A < sin? <(Z)ﬁ)

Chang-Jian Zhao and Mihaly Bencze



