Olympiad problems

085. Let a, b, ¢ be non-negative real numbers such that ab+ bc+ ca = 1. Prove that

4<( ! + ! + L >(a+b+c—abc)
T \W1l+a?2 V142 V142 ‘

Proposed by Arkady Alt, San Jose, California, USA

Solution by Daniel Lasaosa, Universidad Publica de Navarra, Spain

Callingz =b+c, y=c+a, z=a+b, we have a + b+ ¢ = T2, Moreover,

we may write 1+ a% = ab + bc + ca + a?> = (a + b)(c + a) = yz and similarly
1+b = zx, 1 +c® = xy. Furthermore, (1 — ab) = bc + ca = cz, leading
to ¢ — abc = ?z = z(xy — 1) = zyz — 2. Similarly, @ — abc = xyz — = and
b — abc = ryz —y. Then,

2(a+b+c)+ (a — abc) + (b — abe) + (c — abe)
3

and we may rewrite the proposed inequality as

a+b+c—abc=

= TYz,

1 1 1
4§(\/y_z+\/%+\/w_y)xyz:\/:c_y\/ﬁ+\/ﬁ\/ﬁ+\/%\/m_y.

Now, using the inequality between arithmetic and quadratic means, we have

—— 2 [14+1+14+3a2_ 2 34+avV3 a-+V3
A/ = 1 2:—\/ >— =
vz Ta \/g 4 _\/§ 4 2

with equality iff @ = %, and similarly for the other two products, leading to

Vzry /Ty > W+C)+bc, and similarly for the other two combinations. It then
suffices to prove that

_9+2VBatbto)+1

4 ;
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or equivalently, that a + b+ ¢ > /3. But this is true since, using the scalar
product (Cauchy-Schwarz) inequality, we have

2 =2(ab+bc+ca) = (a+b+c)? —(a* +0*+c?) < (a+b+c)? — (ab+be+ ca),

and (a+b+c)? > 2+ (ab+be+ ca) = 3, with equality iff a = b = c. The result
1

follows, and equality is reached if and only if a =b=c = 75
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Also solved by Ngoc Quy Nguyen, Da Nang, VietNam; Manh Dung Nguyen,
Vietnam; Magkos Athanasios, Kozani, Greece; Andrea Munaro, Italy; Daniel
Campos Salas, Costa Rica; Michel Bataille, France; Paolo Perfetti, Univer-
sita degli studi di Tor Vergata, Italy; Oleh Faynshteyn, Leipzig, Germany;
Samin Riasat, Notre Dame College, Dhaka, Bangladesh; Vicente Vicario Gar-
cia, Huelva, Spain.
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