H-840 Proposed by Arkady Alt, San Jose , California, USA.
Prove that (n — 1)(n + 1)(2nF 11 — (n + 6)F,) is divisible by 150 forany n € N.
(F, is n — th Fibonacci number,n € N)

Solution.
Lets, = (n= D+ 1)(21’15%”1 — 1+ 6)Fy) ,neNU{0}.Then sy =0,s; = 0.
Note that s, — 2+ 2201+ 1)1126” Gt DFwt)
nn+2)2n+ 1) Fpi +Fn) -+ 7)Fp1)  nm+2)(n—=5)F +2(n+1)F,)
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and
n=2)nQRn-1)F,—(n+5)F,1) n=2)nQR2n-1)F,—(n+5)Fu1—Fn))
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(n—2)n(3(n+ 11)51?),, —(n+5)Fu) Then
nn+2)(n=5)Fm+2m+ 1)F,) m-1)n+1)2nFu —(m+6)F,)
Sl =S T Sl = 150 } 150 -
(n—2)nBm+ 1)F,— (n+5)F.) _ (5n* +3n—2)F, — 6nF,
) 150 B 50 ’
- 2)F, — 6nF,
Let h, = 2N F3n 5()) OnFt e NU {0V Then ho = 0,71 = 0.
S5(n+1)* +3(m+1)=2)Fp — 6(n+ 1)F,
Note that &, — (5(n+1)* +3(n )50 )Fut =6(n+ 1DFua
(51’12 + 131’[ + 6)Fn+1 - 6(1’1 + 1)(Fil+1 +Fn) _ n(Sn + 7)FU+1 - 6(1’1 + l)Fn
50 B 50 '
Then
By = (n+1D)GEM+1)+ 7w —6(n+2)Fpn (5n? +17n+ 12)(Fp1 + F,) — 6(n +2)F i _
! 50 50
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(5n*+17n+ 12)1;,6+ n(Sn+ 11)F 4 and, therefore,
(5n? +17n+ 12)F, + n(5n+ 11)Fui n(5n+ 7)Fp1 — 6(n + 1)F,
hn+2 - hn+1 - hn = 50 — 50 —
(5n? +3n—2)F, — 6nF,1  nF, +2(n+1)F,
50 B 5 '
Letg, = A + 200+ DF, ,neNU{0}. Thengo=0,g; = % =1 and

5
(n+ 1)Fp2+2(n+2)Fpn _ (n+ 1)(Fpe1 +Fn) +2(n+2)F _

we have g, =

5
(n+1D)F,+ Bn+5)F (n—1)F, +2nF, (n—=1)F,+2n(Fu1 — Fy)
5 . Also, g,-1 = 5 = 5 =
2nFp — (n+ 1)F,

5
Hence,

+1)F,+ Bn+5)F, Foa+2(n+ 1)F, 2nF,gq—(n+ DF,
En+tl —8n — &n-1 = (l’l ) 5(7’1 ) L D] 5(7’1 ) — 5(11 ) = Fu1.

Since g, is integer for any n € NU {0} (By Math Induction because go = 0,¢; = 1 and
1 = gn+gn1 +Fp,neN)yand hyp = hyr + hy +guyon € NU {0}, where by = h; =0,
then forany n e NU {0} 4, is integer as well. Thus, s,.1 = s, + 5,1 + hy,n € NU {0},
where so = 0,5, = 0 and #, is integer for any n € NU {0}.




Hence, again by Math Induction, we can conclude that s, is integer for any n € NU {0}.



