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W&6. (Solution by the proposer.) From

A . C r
r—4R‘sm§-sm§-81n5:>E_

:4.\/(p_b)(}0—C)(P—C)(p—a)(]?—a)(p—b)

a2b?¢?

_,. p-a)p-b)(p—0c) (b+c—a)(c+a—b)(b+c—a)
=4 abe =4 8abc =

LT (b+c—a)(ct+a—b)(b+c—a)
R 2abc

With the help of Ravi substitutions, « =y 4z, b=z + z,c=x+y,
demonstrated inequality becomes:

y+z T+ 2z r+y 8zryz
+ + <2&
2e+y+2 2y+az+z 224z4y 2 +y)(y+2)(z+2z) —

y+z T+ z n z+y " dayz
2r+y+z 22ytaz+z 2z+zx+y (a;+y)(y+z)(z+a:)_

Then,

x? Y2 (z +y)? _ Tty

(z+y)(z+2) +(y+z)(y+x) = (T+y)(z+y+22) z+y+22

Analogous,
22 2
Y n Z > y+z
W+2)y+2)  (z+z)(z+y) 20 +y+2

and

22 n x? 2+
(zt+z)(z+y)  (@+y)(e+z) " y+z+2

Summing up,
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72 y? 52
2((w+y><az+z>+ EOITDN (z+m><z+y>) z

r+y Y+ z 2tz
“r4y+2z 2x+ytz 2wytotz

j2(:z:'zz+;r:‘zy—kgﬂerz%tt—l-zgy)> T +y Y+ 2 z+x

Sty D) ta) -2y wry | y+z |, zta
(x+y)(y+2)(z+2) “rx4y+2z 2x4+ytz ytrtz

dxyz > T+y Yy+z z+x

=2 - >
(x+y)(y+2)(2+2) r+y+2z 2x4+y+z 2ytar+z

y+z T+ z T4y dxyz
+ =
2r+y+z 2ytaxtz 2z+z+ty (z+y)(y+2)(z+7)

which ends demonstration.

Second solution. Let z :=s—a,y:=s—bz:i=s5—-¢ where s is
semiperimeter of the triangle. Then x,y,z > 0. Assume (due homogeneity of
original inequality) s =1 and let p:= xy +yz + zz, g 1= TY=z. Then
t+y+z=la=1-z,b=1-y,c= 1—z,abc=p—q,7 =581 = [ABC] = /4,

25 (1+y)(1+2) 257 (2 -z +yz)

_ cyc o cyc 73:2(5—|—p)#3
(1+2)(1+y) (1+2) (1+a)(L+y) (1+2) 2+ptyg

and original inequality becomes

2(5+p) 4 4 _, 2(5+p) , 4

<h <=
24+p+gq pP—q 24p+q p—q

=
(m+y)(y+z)(z+m) “rx4+y+2z 204+ytz 2ytortz

abc p—4q a 1—z 2—(1+4x) 1
= == == = ’——-:2 —
R 4[ABC] 4\/(—1’Zb—|—c Z1—|—I Z 14+ Zl—i—m 3
cyc cyc cyce cye
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— 26+p)(p-q)+4q2+p+q9) <52+p+q9(p—q <

= 9q2+2q(p—|—4)—3p2§0

Since
3p=3(zy tyz+zx) < (z+y+2)°=1
and
P’ = (Iy+yz+z:v)2 >3ayz(z+y+2)=3q
then
. N , ,
: v 1H(1-3

s 200+ )39 <9 (5) 2 (e ay-p? = LB <o

Arkady Alt

Third solution. After calculations we have

a n b " c +7'<2<:>
b+c¢c c¢c+a a+b R~

@ZaR(a+b)(c+a)+rH(a+b)gQRH(aH))@

@RZG‘S—!—(r—R)ZaZab-l—(QR—r)abcSO

With usual notations, we get

a+b+c=2s,abc = aRrs, Za?’ = 2s (52 —3r? - 6RT) ,Zab = a?>+r2+4Rr
RZa3 + (r — R)ZaZab-i— (2R —r)abc <0 &

& 25R (s* — 3r% — 6Rr) +2s(r — R) (32 +72+4Rr) +4Rrs 2R—r) <0 &

& 2sr (s> + 12— 2Rr —6R?) <0
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Applying Gerretsen’s inequality, we obtain
s <4R* + 4Rr + 317
R~ Rr—2r">0= (R—2r)(R+r) >0,
that is true.

Nicusgor Zlota

W7. (Solution by the proposer.) Note 8y = a, ay = b, af3 = ¢. For the
first part of inequality:

sin o 4 sin 8 + siny — sina - sin 3 - siny > sin® a + sin® 8 + sin®y &

<:>(1-|—I)—|—c’,_ abe >a3—|—b3+c3
2R SR3 — SR3

S 4R (a+b+ec)—abe>ad*+ 03 +F o

> a®=2p(p*-3r2—6rR)
<

AR? . 2p — ARrp > 2p (p® — 3r2 — 6Rr) &
abc=ARrp P P =P (p " 7)

& 8R? —4Rr > 2p> — 617 — 12rR & 2p* < 8rR + 8R*> —4Rr &

o p? <AR? + 4rR + 3r2,

which represents inequality Gerretsen.

a). Suppose max (a, 3,7) < 5. For starters we demonstrate the following
lemma;:

Lemma. If M is a point in plan-of triangle ABC, then the inequality

AB-BC-CA< MA?.BC+MB?-AC + MC?- BC

Proof. In the complex plane either z, ¥, z affixes points A, B,C, and M the
landmark XOY. Using equality

2 (y—2)+y’ (2 —2)+ 2@ —y) = (2 —y) (y —2) (= — )

we can write

z—y)(y—2)z—2)| = | (y—2)+y* (z—2)+ 22 (z —y)| <
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: 2
<l ly = 2+ lyf* [z = 2] + |2 [z — ],

from where

AB-BC-CA< MA?.BC+ MB?. AC + MC?. BC

Now, let H orthocentre of triangle a8y (H € Int (AABC)), and D, E, F the
means sides 37, ay respectively af. According to the Lemma, used for the
triangle DEF and H € (DEF'), we have:

DE-EF-FD<HD? EF+HE? DF + HF?. DE (1)

C

Clear EF = §,DE = §, DF = % in triangle H v, applying median theorem,
we have

HD? = R? [2 (cos2 B + cos® 'y) — sin? a]
Considering that in a triangle we have identity

0052a+cosgﬁ+cos2'y =1—2cosa-cosf-cos,

obtain that
HD? = R? [sin2a —4cosa-cosf- cosv]

Substituting in (1) and analogous, we get:

be .
% < R? [sin2a —4cosa-cosf3- cosﬂ'g+R2 [sin2 B —4cosa-cosf- cosy]'g-l-

+R? [Sin2'y —4cosa-cosf3- Cosﬂ : % = Rssinasinﬁsinfy <

< R? (sin® @ + sin® B + sin®y — 4 cos @ - cos B - cos 7Y (sina + sin 8 + siny)) ,

from where

sin® a+sin® f+sin® 4 > sin asin Bsin y+4 cos a-cos B-cosy (sina + sin 8 + sin )

b). If max (a, ,7) > %, then cosa - cos 8 - cosy < 0. Thus
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. . . 3 . . . . . -
31n3a+81n35+81n37 > 3\/sm3a'sm35-sm37 = 3sinasin Ssiny >

> sinasin Bsiny + 4 cosa - cos 3 - cos 7y - (sin & + sin 8 + sin )

Second solution. Let a,b, ¢ be sidelengths of the triangle and R,r,s be
circumradius, inradius and semiperimeter, respectively. Then

ZsinA —HsinA >

cyc cyce
> Zsin3A > HsinA+4HcosA . ZsinA <= 8R?
cyce cyc cyce cyc
8R3 Z sin A — 8R? H sin A >
cyc cyc
>8R*D “sin® A > 8R* | [sinA+4]JcosA- 8R*) “sinA <>
cyc cyc cyc cyc

8R%s — abe >ad + 03+ 8 > abc + 32R23HcosA <

cyc

s? — (2R +7)?

8R%s — abe > 483 4+ &8 > abc + 32R%s - iRz

8R%s —abc > a® +b° + ¢* > abe + 8s (32 - 2R+ ?")2) —

8R%s —ARrs > 25 (s* — 6Rr = 31) = 4Rrs + 85 (s = 2R 1 1))

AR? —2Rr > s> — 6Rr — 3r2 >2Rr+4 (52 - 2R+ 7“)2) (1)

I 4R? —2Rr > s2 — 6Rr — 3r? = 2 < 4R? + ARy + 372 (Geretsen’s
Inequality).

IL 52 — 6Rr — 312 > 2Rr + 4 (s2 ~ (2R + 7«)2) > 35 < 16R? + 8Rr 4 r2.
Since 5% < 4R? + 4Rr + 3r% and R > 2r (Euler’s Inequality) then

16R% + 10Rr + 12 — 352 =
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L6R? +8Rr +1* — 3 (4R? + 4Rr + 3?) + 3 (4R +4Rr + 37 — &%) =

4(R=2r)(R+r)+3(4R*+ 4Rr + 32 —s%) >0.
Arkady Alt
Third solution. With usual notations, we have

1).

at+b4c abc>a3+b3+c3

- > : & 4R?2s — 4Rrs > 25 (5% — 3r2 — 6Rr) <«
2R 83 8R3

© 25 (4R” = 2Rr — s + 312 4 6Br) > 0= s < AR® + 32 + 4Ry

which is Gerretsen’s inequality

2).

A+ b+ abe s~ (2R+7)? a+b+e .

— >y : & 25 (=352 + 16R? + 8Rr + r2) >
SRS = st AR2 2R 5 (=3s" + + 8 +77)2

Applying inequality Gerretsen, obtain

R~ Rr—2r?>0= (R—2r)(R+7) >0,
that is true.
Nicugor Zlota

WS8. (Solution by the proposer.) If f (z) =0, V& € [0,1], the conclusion
is clear. Suppose there zy € (0, 1] such that

1
F(@0)#0= [ f(z)de >0
/

1
J 9(z)de

We note t = & dx > 0. Then
Off(a;)d:r
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1 1

/tfmd:c=/g(m)da:;»j(tf(x)—g(x»dw:o
0 0 0

Then, from the mean value theorem there ¢ € (0, 1) such that tf (¢) = g (c).
Now, using the

1

O/tf(:v)dxzo/g(:r:)da:

c 1
Ja@-tr@yar= [ @) -g@)as 1)
0 c
Furthure, how f it’s convex, f (0) = 0, g (z) it’s concave, g (0) = 0 and ¢ > 0,
result ¢f (z) — g () it is a convex function, and the function w is an
increasing function on (0, 1]. Where we: for

tf(x) —g(x) < tf(c) —g(c)

T C

we can write

0<z<c= =0=g(z) > tf(x),

and for

() =g (@) _ tf () g(0

. > - =0=1f(z) 2 g(z).

h(z)<h(c)

/ h(@) (g (r) - tfr) < / h(e) (g (2) — tf (x)) =

J p(x)—tf(2)>0 J

1) [ (g0 17 () o @
4]

1

=1(0) [ 7 ()~ p (@) do =

C

1
— [r@ @@ -g@n TS [ @ s @ -pey =
Y plx)<tf(z)

C
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C

#/h(;c)p(w)d:n—t/h(x)f(:c)d:vS
0

0

St/h(a:)f(x)da:‘/h(a:)g(g:)dmé
0 0

1

= [ h(z)g(z)dz <
/
[o@)ds | 1 !
<D /h(:z:)f(a:)d;r:>/}L(:t)g(:v)da:-/f(:c)d;vS
[ f(z)dz o 0 0
0

s/lgmda:‘/lh(ac)f(w)dm
0 0

W9. (Solution by the proposer.) Let S, = Fy + Fy + ... + Fy,. We claim
that S = Fypyq — 1. Indeed, we have

Fi=F-F
Fy=F—F

Fog—3 = Fop_g — Foy_4
Fop1 = Fo, — Fop_y

Adding up the preceding expressions, yields

k
ZF2¢—1 = Iy, — Foh

=1

Then

bl

k % k
ZF2z' = ZFZ — ZFZi-l = (Forya — 1) — Fop = Foppq — 1
i1

=1 i=1
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on account that
2%

Z Fi = Fopyo— 1
i—1

as can be easily proven by induction. Finally,

sz; _ Sk — Sk-1
Z (FZk-H —1)2 Z B Z S2

and we are done.

Second solution. Since Fo,_y < Fypyq,k € N then

F2k F‘z]g _
(Fory1 — 1) (sz 1= 1) (Fokgr — 1)

Fopyy — Fory By — 1 — (Fopy — 1)
" (Papy — D) (Foppr— 1) (Fopg — 1) (Foper — 1)

1 1
Fopp1 -1 Foppg —1

and, therefore

F. F. " F. - F
2k - — 2 5 + Z 2k 5 -1 + Z 2k . <
o (Forpr —1)° (F3—=1)° = (Fopqq — 1)

Bt ) ()
= Fopp1 =1 Fypg —1 F3—-1 Fyppq—1

~1+< ! ! ><2
- 2—1 Fypy—1 ’

Arkady Alt
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W10. (Solution by the pfoposer.) Without loss of generality we can
assume that a > b > ¢ from which immediately follows that
a+b>a+c>b+cand
1 1 1

> > .

b+c " cH+a T a+tb
Since the first and the last sequences are sorted in the same way, by applying
rearrangement inequality, we get

v

3 a + b n c 3 a n b n c
n —_ n _t
] b+c c4a a+b a+b b+c c+a

3 a n b n ¢ > 3 b n c n a
n _ 0 _
b+c cH+a a+b - at+b b+c c+aq

+b+c S a+b+c
b+c c4+a a+b “ a+b b+c cHa

Adding up the preceding inequalities, yields

“a b c a b c
6n -+ 1 -2 >9 — 4y C
(6r + )(b+c+c+a+a+ )‘ n+a+b+b+c+c+a

from which we obtain

1 /(6n+1)a—b (6n+1)b—c (6n+1)c—a
— /" " >
3( b+c + c+a + a+b 2 3n

Taking into account AM-QM inequality, we have

() (e, ()]

Li6n+1)a—b  (6n-+ Db—c  (6n+1)c—a )
> — >
—3( b+c + cta * a+b = an

Squaring and arranging terms, yields

(6n+ 1)a —b\? (6n+1)b—c\? (6 +1)c—a\? 9
e e A AEL S IS
( b+c * c+ta * a+b = 2Mn

from which the statement follows. Equality holds when ¢ = b — ¢ and we are
done.
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Second solution. Let m := 3n.Then

(6n+1)a—b\? (6n+1)a—»> 9
E: - ) > § >
( n b+ 0 27 <— [H_( 27n* <—

cyc cyc
(2m+1)a—1b 2
() 2o W

and we will prove that inequality (1) holds for any m € N. Since

(2m+1)a —b)?

> 2m ((2 —b) —m? ’
T >2m((2m+1)a—b) —m’ (b+c) <

<~ (em+1a—b—m((b+c)>>0

then

(et (et )

cyc

Thus, suffices to prove inequality

2m((2m+1)a—-b) _ 2m+1)a—b
> —— >3m
E b e > 6m’ <— E T > 3m (2)

cyc cyc

Inequality (2) holds because by Cauchy Inequality

Z(2m+1)a~b 3 (2m + 1) a - b)?
(

" b+c b+c)((2m+1)a—1b) —

2
(Z (Cm+1)a— b))

cye

. 4m? (a +b+c)?
- Z(b+c)((2m+1)a—b) ~ (4m+1) (ab+ ac+be) — (a2 + b2 + 2)

cye

and

4m? (a + b+ ¢)? S 3m s
(4m + 1) (ab+ ac+ be) — (a? + b2 4 ¢2) —

& dm(a+b+c)’ >
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>3 (4m + 1) (ab+ ac + be) — 3 (a® + b + ¢?) <
dm (a+b+c)* >

>3(4m+1) (ab+ac+be) —3(a+b+¢)? +6(ab+ac+ be) <

(4m+3) (a+b+c)® >3(@m+3) (ab+ac+bc) <> (a+b+c)? >

> 3(ab+ ac + be) .
Arkady Alt

Third solution. Using the inequality, we have

, 1 (
m2+y2+2225($+y+z)2

1 ((6n+1)a—b (6n+1)b—c (6n+1)c__a)2

=3 n(b+c) n(c+a) n(a+b)

Using Cauchy-Buniakowski-Schwarz inequality, we get

6n+1la—->b (bn+1)b—c (bn+1)c—a
n(b+ c) n(c+a) n(a+b)

B 36n2 (Y a)?
o ((2n+ 1) ab - a?)

O (6n+1)a— Za)Q

> (CBS) S ((6n+ Da—b)(n(b+0)

‘We show that

36n2 (3 a)?
n((12n+1)> ab— > a?) >9
36n° (3 a)” > 9«

n((12n+1)> ab—> a2) ~
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& 4n (Za)2 > (1204 1) ab -3 a2 = (40 +1) (ZQQ_Za,b) >0

that is true.

Nicugor Zlota

WI11. (Solution by the proposer.) First, we observe that there are
numbers satisfying the equality stated, for instance, 1,2, 4, and 5. To prove
the statement we argue by contradiction. Suppose that there exists four
positive integers z,y, z,t with £ > y > 2z > t such that ;
p—=z

y

24 zz— 22 = y?+yt—t% and p = xy + zt is prime. Substituting x =

in the expression x? + rz — 22 = y2 + yt — 2, we get

2
- t D — t ¢
(p Z) +(p Z)z—z2=92+yt—t2
(0 Yy

and reordering terms, yields

p(p =22t +yz) = (y* + 2°)(y° + yt — 1?)
Since p is prime, then p divides y? + 22 or divides y% + yt — 2.

o If ply? + 2% then 0 < y2 + 22 < 2zy < 2(xy + 2t) = 2p and this implies
y? + 22 = p = 2y + zt from which follows y | 2(z — t). Since zy + 2t is
prime, then ged(y,2) = 1, and therefore, p| (z — t) which is impossible
because 0 < z — t < z < v.

o If ply® +yt — %, then 0 < y? + yt — 1? < 2(xy + 2t) = 2p and this
implies y% + yt — 2 = p. That s, xy+ 2t =y +yt —t2 =22 — g2 — 22
from which follows 2| 2(z + t) and y | #(2 + t). As ged(zy, 2t) = 1, then
z|{z+1t)and y|(z+1). Since 0 < 2+t < 2z and 0 < z + ¢ < 2y, then
z+t=wx and 2z 4+t = y which is impossible.

The preceding contradictions let us to conclude that 2y + 2t is composite.
'

W12. (Solution by the proposer.) The limit equals 4¢” where y denotes
the Euler-Mascheroni constant. A calculation shows that

1
On = Yon — 5’)%—{-1112—}—111\/5,
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where v, =1+ % + .+ % —Inn.
Let 4, = 22”, n > 1. We have

n (I 4yn)—yn -
2, = l (1 n QOn) _ leln(lern) — len< :Z . 'y’Z‘ern) —
n

n n n
In(i4yn)—yn 2 In(ltyn)—yn 2
= le Yn Wit MYn = 16 Yn "n . eny"
n n

We have lim ny? =0 and, since lim y, = 0, we get that
n—oo n—o0

lim M) — L O the other hand,
n—00 Yn

Y = 20n = 292 — Y+ Ind +1nn
and it follows that

In(1+yn)—yn 2
——nlin .,
T, =e yZ Yn . 6272"")’714'104

which implies lim x, = 4¢7.
n—>00

no1 20
Second solution. Let hp =37 z and «,, = Tn . Since
k=1 [

1 2 " 1 ,
D% n <1+ O") = lim — (1 +ap)" = lim tn+an)-Inn

n—ooc n n n—oon n—>00
we will find

nli}ngo (nln(1+a,) —1Inn).

1
Noting that O,, = hy,, — —h,, and Inn Ty <hp<ln(n+1)++,
where v = 0.5772... is Euler’s constant we obtain

2(In2n) +v)—(n(n+1)++) < 20, < 2(In@2n4+1)+y)—(Inn++) <

4n? 2n + 1)
= In +7<20n<ln(n;)+fy —
n+1 )

1 4n? 1 2n + 1)2
= —(In n +’y><an<—(ln(n;)+'y)
n n—+1 n n
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Since

1 4n? 1 2n + 1)2

n—o00 7N n+1 n—00 7,

then by Squeeze Principle lim oy, = 0.

n—oeo
Furthermore, lim na,% = 0 as well. Indeed, since
n—o0
o 2
1 an? \’ 1 (2n + 1)?
- 1 2 = Ip2= ' =7
n(’er nn+1> <nan<n('y+n -
and
4n? on + 1)
7+1nn+1 fy-l—ln(nJr )
nlggo Indn nh—>Holo Indn =1
then

1 An? \> 1 on+ 12\
lim—('y—{—ln ) = lim(’y—l—ln————) =
n—00 7 n+1 n-—>00 1 n

_ 1 n2 4n g In4dn 2_ . Inn+1n4d 2_ I Inn 2_0
_nlﬁnolo n 4nggo \/ﬁ - nggo \/ﬁ o n1—>n<}o \/7_1, -

2
Using inequalities x — % <In(l1+z) <z,z>0and (1) we obtain

4n? 2 2
In _,n (nn+ 1) —|—")/— ngn < Ny, — nan —Inn < nln(l +an) —lnn <
(2n + 1) 4n? no?
<nan_lnn<lﬂ—n2—+’)/:>lnm+,y_ 2n<
2n + 1)*
<nln(1—|—(kn)lnn<ln%+fy,
Since
TS P LA TR W ) R B

n—oo 1 (77 + 1) n—o0 n2
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and

lim na? =0
n—00
then by Squeeze Principle we obtain
nlggo (nln(l4+ay)—Inn)=Ind+~v

and, therefore,

n—oo 71 n

1 20, \"
lim — (1 + ) = lim ™% = 4¢7.

Arkady Al

n

1 1

Third solution. Let hy, = > & Since Oy, = hoy, — ghn and
k=1

Inn+v < hy, <Iln(n+1)+~, where

~v ~ 0.5772... is Euler’s constant 6 then

1 1
ln(2n)+’y—§(ln(n+1)+’y)<()n<1n(2n+1)+7—§(lnn+'y) =

2n ¥ 2n+1
< In + =<0 <l
( n-i—l) g = n n( NG )

+ 7
2
| ( 2n )<a (2n+1)
— In| ——— n
2y/nyn+1

where
1
oy = O0p, —1n (2\/5) — % =0, — ilnn - % —In2.

1 .
Hence O, = 3 Inn + % +1In2 + ay,,n € N and by Squeeze Principle

lim a,, =In1 =0.
n—oo

Note that

n 20
lim l ( 20n) — lim enln(l—i——nn‘)—]nn.
n

n—oo N n—00

2

Since In (1 +2z) =z — %—}—o(mg) ,z > 0 then
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20, 2() 4()2 O,%
nlin —Inn=n + t+o| —
n n n

OZ

=20

02 20?2 O?
(—") —Ilnn=Inn+2n2+vy+2a,+—=+o0 (—”)—lnn:
n n

202 0?
=2In2+ v+ 20, + —2 +0<7”)
n

and, thertefore

20 20?2 02
lim (n In (1 + n) - 1nn> =2In2+~+ lim (2an + On +o (—")> =
n—00 n n—00 T n

2 2
=2In2+v+ lim (g—l- (O )) =2In2+7y

n—>00 mn n
because
02 In?n ) 02
lim — = lim =0 = lmo{—}=0.
n—-oo M n—o0 n n—oC mn
Thus,

1 20,
lim — (1 + —) lim e2"2+7 = 4e7,
n—r00 M T n—>0o00

Arkady Alt

W13. (Solution by the proposer.)The limit equals

el, p=1
et p=2
00, p=>3

We have that

rcn=§:1ln(an+%)zgln(wﬁ(an—uﬁ)):
:ih‘(lzn(an*w%—n)) ( 1 )

a7l_1+w
n

k=1
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springer 1998.

W15. (Solution by the proposer.) The inequality is actually symmetric.
For instance we can exchange a with b and get

a? b? c? b? a? c? a? — b2
a+b+b+c+c+a_<a+b+a+c+c+b> —Czy; a+b _Z(a—b)—o

d,nd
Z

is clearly symmetric.
Clearing the denominators in

Z 2a2 N (a? + b2 + ¢?)? >9a2+b?+c‘2
a+b ab?4+ba?+bc2+cb?2+cat+a T2 a+b+ec

cyc

we obtain
Z 2a"b + 3(ab)? > z:(a(jb2 + a®be + 2a'b?c? 4 a®b3c?)
sym sym

and the conclusion follows by using the AGM.
Indeed

5a"b + ab” > 6a°h? — Za7b > z:aﬁb2
sym sym

36a"b+ b"c + 6¢"a > 43a8be — Z a’b > Z aSbe

sym sym

(ab)* + (ac)* > 2a%(be)? = Z(ab)4 > Z:a‘l(bc)2

sym sym
2(ab)’ + (be)! + (ca)! > 4(ab)*® = ) “(ab)* > ) (ab)’c?
sym sym

and the proof is complete.
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Second solution. Noting that

9242 2 12 2 p2 2 2
a _a + +a _a + b fa—b
a+b a+b a+b a+b

and ) (a —b) = 0 we obtain

cyce
Z 2a? n a’
“\a+b b2+ 2

cyc

a’ + v? a’ 9 a?4 b2+ 2
>Z2. 2 Tv Te
*:’Z< @t +z)2+c2)—2 atbte

a2+62+02
a+b+ec

Vv

9
2

cye

- Z( (a2+b2)(a+b+6)+a3(a+b+c)

9 .
> 22 2, 2
P R )‘Q(G +b +c)<:)
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b2+ 2 b+c) +c? a’(b+e) 9
- i —9
Z (b+c b? 4 ¢2 % b+c b2+cz %C:a

cyc

and by Cauchy Inequality

ST 2

cyc

a (@2+02+)° a2+ b+
DgaZ
cyc

then

+ %) . . ‘
Z (Zl—|—b Zb2+(.2 Z b2 (a2+b2+cz)+

cyc

2 12 2
a®+b°+c ) 92 2 2
+—2——:§((L +b+ 7).
Arkady Alt

W16. (Solution by the proposer.) The inequality is implied by

& cos“t
sint (c033t+ sint) > (—) , 05t <

T
T 4

By the weighted-AGM we have

1 cos“
sintcost-cos®t 4+ 1-sin?t > (5 sin (2t) - 1)

Moreover by sin (2t) > (4t) /m for 0 < 2t < 5 we get
- 1 cos? t ot cos?t
sintcost-cos?t +1-sin®t > (5 sin (2t) - 1) > (——)
s

whence the inequality.

W17. (Solution by the proposer.) The case p = 1 is trivial because the
solution of the recurrence a1 = li’&n is exactly an = % setting to zero the
terms of the series.

If p # 1, the proof amounts to find the first two terms of the expansion of a,.
We observe that a,+1 < a, and a, > 0. It follows the existence of the limit
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As a result, the maximal value of %— is attained at J (Ay). But J (A43) = B,
so we are done.

- w\\ /
/ i
/ N
s oA i
/ // < ///z’f‘ﬂ{\ | je
, =T\
| L/ ) /
o S
i‘ \ / ‘7:7“/‘:‘
\ N ]J/ /]
N L
\ // /
!

W21. (Solution by the proposer.) The identity

2 (b* + %) = 4m? + o? (1)

holds. Taking AM — GM inequality, we have

4 45 4 4 64
4m? +a? = gmé + gmg + gmg +a® > 44 EmgaQ

with equality if and only if %mg = a?, from where

8v/12mq/amy,

4m? +a® > 3

(2)
From (1) and (2) we obtain the inequality

4/ 12mg/amy,

4>
€= 3

(3)
with equality if and only if 2 + ¢? = 2¢2. Taking (3) into account the
inequality from hypothesis’s follows. The equality holds if and only if ABC is
equilateral triangle.

Second solution. By replacing (a, b, ¢, mq, my, me) in original inequality
- (2ma 2my 2m. a b ¢
with

3 373393 (Median Transformation) we obtain
equivalent inequality

e
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2
(<2mb>2 N <2mc>2)
Z 3 3 - 323 (2ma N 2my, N 2mc> PN

(a)3 -9 3 3 3
cyc —
2
16 2 212
5 (e +m2)” 5973 2
@281 . > g\/—-g(ma+mb+m6)<:>

cye

8

m? +m2)° 33
<:>Z( ba3 ) > 5 (ma +mp +m,) =

cye

4a? + b? + 2 2
Z ( 3 ) > 24V/3 (Mg + mp + me) (1)
cye a
‘ ‘ 4a2 + b2 2
(Since mg + mg — M)

4
2
Applying inequality L >2u—wv, v>0 foru=4a?+b2+4c? and v = 6a?
v

we obtain
(10 + 12+ ) 6 (4?40 b e2)?
as T 6a? -
- 6 (2 (4a2 + 5%+ 02) — 6a2) . 12 ((12 + 5%+ 02)
- a - a '
Therefore,
Aa? 2, 2\2
Z(a +b3+b) 212(a2+62+02)(}_+}+1>.
v a a b ¢
Since

‘ 3 )
ma+mb+mc<\/B(mg+mg+mg):\/3.Z(a2+b2+cz):

231/a2+b2+02

then




Jézsef Wildt Interantional Mathematical Competition - 619

24V/3 (g + my + me) < 24V3 - %\/aZ + b2 + 2 = 36vV3v/ a2 + b2 + 2.

Thus, suffices to prove inequality

1 1 ; ;
12(a2+62+c2)( —I—b+ ) > 36V3Va + b2+ 2 =

: 11 1
> a2+b2+62(5+5+2)23\/§ =

(1 1 1\?
= (a®+b*+ ) (—++C) > 27.
a

b
A : 1 1 1 3
Since by AM-GM Inequality a? + b® + ¢ > 3V/a2b2c2 and ~ + ~ + = >
a b ¢ Vabe

, o1 1 1)?
then (az + b2+ cz) (— + 7 + —) > 27 and, therefore, we have
a c

2 2 212
Z(4a +bs+(’) 212(a2+b2+02)(1+1+£)2
v a a b ¢

> 36V3v a2 + b2 + 2 > 24V3 (mg + my +me) .
Arkady Alt

W22. (Solution by the proposer.) If we note OC = k, then gg = k:-ku

and CO k+1 - BCD. From ‘2—2 %Ag = g—% we have
k
OM = ——BC 1
k+1 (1)
0Q = i CcD (2)
T k+1
and from & FA— -OA—N gg we have
1
N=—AB
0 k+1 (3)
and
1
OP=-—"-AD (4)

k+1
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z=y(ny+Inlny+o(Inlny))

we deduce
pn=n(lnn+Inlnn+o(lnlnn)) (%)
for n — +o0
iln(pn) . 1
¢ — (nlnn) " < V2———|pn —nlnn|
Pn n?ln“n

with (*) we get

X In(pr) ) Inl
‘ — (nInn)"" = Onstoo (—Il%z)
Pn nln“n

,- Inlnn gtin(pn) i—1 . .

since >, -7 converge, > &5 — and 3" (nlnn)"” are same nature.
n>0 n>0

With integral and series we have

n+1 n

/ (t 1nt)i_1 dt = / (tIn t)i_1 dt + (nln n)i'l + up,
2 2
with |v,| < 7-12—[1{11—;1, then
N ntl N
Z (nin n)iil = / (tIn t)i_l dt = Z Up
n=2 b n=2
has a finite limit when n — oco. This prove ¢l nen) 1;:»1) converge

n>1

W26. (Solution by the proposer.) We constructing the perpendiculars
on MA, MB, MC in the points A, B,C. These perpendiculars meet in the
points A’, B/, C", see the figure. In the same way, in the points A", B, C' we
construct the perpendiculars on MA’, M B', MC" which meet in A" B" .C".
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We calculate the area of the triangle M A’C” in two ways thus:

ot B

ok

MA - MC'-sin AAMC’ _ MB-AC'" MB-MB" sinAMC'
2 B 2 N 2

So, we deduce

MA - MC”

Bl/ —
M MB

Similarly, we obtain:

MB' - MC' MA - MB'
" o_ . " _
MA =i MC e

From Erdés-Mordell’s inequality applied in the triangle A” B”C” for the
point M, we have:

MA" + MB" + MC" > 2(MA' + MB' + MC')
S0

MB' - MC' n MA" - MC’ + MB' - MA
MA MB MC
Since MA" = 2R,, MB' = 2Ry, MC' = 2R, it follows:

>2(MA + MB'+ MC')

Rb Rc Ra Rc RaRb ’
> .
A B T e 2 Fet Ret Be

Therefore, the inequality of the statement.

Second solution. We will use for the radii of circumcircle of

MBC, MCA, M AB another notation

Pas P, pe and standard notation Ry, Ry, R, for distances M A MB,MC,
respectively.

Also denote via d,, dy, d,. distances from M to BC,CA, AB.
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Thus, inequality to prove is

b <o — 1
pa Pb pc Ra Ry Re M
Since [BMC| = a,;la and
1 2d,
4p, [BMC) = aRyR. = 2p, - ady = alyR, — —
Pa RbRc

then (1) <— —
(1) CZy;RbR _CZy)C

Figure 1

Let us draw throughout vertexes A, B, C respectively three lines
perpendicularly to M A, M B, MC respectively. Three points of intersection
of these lines determine triangle A, B;C}

( AlBlLMC, BlClL]WA, ClAlJ_]\/fB) with

dg, = Ry = MA,dy, := Ry = MB, d., := R. = MC as distances from M to
B,C1,C1 A1, A By respectively and with distances between M and vertexes
of NA1B1C] - Ry, := M Ay, Ry, := M By, R., :== MC,.(Pic.l).

Since Ry, , Ry,, R, are diameters of the circumcircles for quadrilaterals
MCA,B, MAB,C, M BC, A, respectively, then, by Sine-Theorem, we have

R = a _ aRp R, _aRyR.  RpR.
“ 7T gin/BMC  RpR.sin/BMC — ad,  d,
and,similarly,
R.R R, Ry
Rb1 = ;b s ) RC1 dc

Since
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2d 1
D) Db

cyc cyc

and

1

1
then (1) <= 25 <> —.
cyc Llay cyc dul
Thus, suffices to prove that in any triangle ABC with interior point M and
Rq, Ry, R, as distances from point M to vertices A, B, Crespectively, and

da, dy, d. distances from M to BC,C A, AB holds inequality
P ED IS @)
Ra - da
cyc cyc

Lemma. Let P, and P, be involutions of P with respect to ¢ and b
respectively (that is PP, L a, PPy 1 b, Pb,M - PM = P;N - PN = 1)

1
Then P,P, 1| PA and PE = A where F is intersection point of P, P, and
PA.
Proof.

Figure 2

Let P,Ey and P,E, be perpendiculars from P, and P, to

A respectively (Ey, Es € m ). Since /PP,FEy = /PAM and
LPPyEy = ZPAN (as the angles which constructed by mutually
perpendicular sides) then we have APP,E; ~ APAM
and APPyFEy ~ APAN and from these similarity follows
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PE, _ PM = PEl:ﬁ <= PFE, = L

PP, PA 1 pA PA
dq
and
PE, PN PE, 4, 1
=" ekt . A PEy=—.
PR, PA 1 Tpa T T pa
dy

Hence, PE) = PEs and E := E| = FEs is intersection point of P, P, with
PA and PE — —

Figure 3

Let Ay, By, C1 be involution points for M with respect to lines % , E)ﬁl, 1@
respectively. Let R; =MA, = dia,R;) = MB = d—b,R; =MCh, = dic and
d;, d;), d; be di%tanceq from M to sides B1C),C|A;, A, B, .Since by lemma
d/ = ; d;] R d = é then replacing (Rg, Ry, Re, dg, dp, d;) in
Erdos-Mordell InequahtyR + Ry+ R >2(dy +dp+d.)

with

(R, Ry, R, d},,dy, d.)

we obtain

YR, >2) d, < (2)

cyc cyc

Arkady Alt



628 The Edition XXVI* |, 2016

W27. (Solution by the proposer.) By the AM-GM inequality

a +
a \/ a
]1] j=1%j ]2(1]

therefore the left-hand side of the proposed inequality is

> e

SrpR-T
cyclic K j=1@j
1

Now, since function f(z) = —.~ 1s convex for = > 0 the conclusion follows
b Z{Z/E

LHS > /2

by Jensen inequality.

A
Second solution. Let A := HJ 1@ and by := — i =1,2, .. k. Since
az

ZHaJ—k = Zb =k

cye j=1

and

And again applying AM-GM Inequality we obtain
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i=1

because A < 1. Thus,

Arkady Alt

W28. (Solution by the proposer.) The rootq of characteristic polynomial
equation 22 — x + % =0 are a = 1—?53 and 8 = , and taking into account
the initial values of the sequence, it follows that T, = a™ 4+ B", so the

proposed series reads may be written as

© Oz"—f—ﬁ“

— n+2

2 —
The generating function for (zy,),,5¢ is F(z Z Tpx" ’ Z .1
-+

Funtion F(z) is analytic for z € C with |z| < \/_

00 T 00 a4 ,Bn
To find the proposed series Z " — Z ———— we consider the
n

—n+2 n+2
function z - F(x) = ;%E%, and its integral
a2 _
2(1;—1'2 —1
——dz = -2 (z +2tan”" (1 — z)) = G(z)
S -r+1
soz:l'"aj = z)—G(O):7r*2($+2tan’l(1—:r)).
n+2
o0
Tn

Therefore, Z =G(1) - GO)=7—2 (1+ 2tan” (1)) =7 — 2.

:1n+2

Second solution. Note that

1
—Ty <—

Inp42 = Tn+l — 5
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n+2 1 n+1 n
= (\/§> Lpyo — 2 - E (\/5) Tn+1 + (\/5) Tp =0 <=

n+2 n+1
< (\/5) Tn42 — 2. COS% (\/5) Tpnyl + (\/i)nl'n =0 <—

n
= (\@) xn‘clcosn—f—kqsmn ,neNuU{0}.

4
Since 20 =2 = ¢; =2 and
=1 < (ﬂ)chosZ—#@sing <> ¢2 =0 then
nw
QCOST
Tn=——=53-,n€NU{0} and
"y

n=1 n+2 n:0n+2 n=0 (ﬁ)n(7l+2)
oo nmw
COST

—————, Where z € (0,1). Then
n=0 n+ 2

n§17L+2 43(\/_>

nm nm
and 8" (z) = x Z z" cos 1 where series E cos T.L’ converges absolutely
n=0 n=1

T n

n=0 n=0 n=0
1
o i
l1—-edz
, ir
(since e z| < 1) and
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1 1 B 1

VT

im _1 ( 7T+.. 71') —1 T T
— —(cos— +isin— )z - i
l—edzx O'§4 S 1 \/E \/§
V2 _\/i(\/é—$+i$)
V2 -z —iz (\/5_;,3)24_932

we obtain

<t _ = LT \/i(\/i*l‘)ilf 4__1_ 1
b(x)—:xZ(,os4J: _(ﬁ—m)2+m24 \/§+\/'( ~ et 1)

then

Arkady Alt

W29. (Solution by the proposer.) Since z + y + z = 1, the given
inequality may be written as

341
E vt < 3V2.
—L'—I—l

cyclic
Now, using that 2° + 1 = (z + 1)(2? — z + 1), the inequality becomes
E Vz + 1 < 3v2. Finally, since function f(z) = vz + 1 is concave because

cyclic

f/l(x> —

_1 Ty 3 .
1y O by Jensens inequality, we have

SV

cyclic3 < /I+§+Z+1:\/§
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from where the result follows.

Second solution. We have

3+ 1 .E+1 —
Z 224y+z Z 22—z +1 cyzc S

and since

at+b+e< /3@ +02+2),a,bceR
then for a = Vo +1,b= /5y F I,e¢ =z + 1 we obtain

2 VTS BY (Ve D) =BTyt +3) = Vi d-2v3

cyc cyc

Arkady Alt
Third solution. We have

P41 41
2. Iziyﬂ thijwﬂs

SV3@E@+y+z+3)=2/3<3V2

Nicugor Zlota

W30. (Solution by the proposer.) We have 25 = 3 so

LL'O{L'QZQZ%-F.’L’l—{-l

and we prove by induction the relation

. — 2 p i
TnTny2 =Thq +xpg1 + 1

We suppose that

2
Ln—1Tp41 =2, + a2y + 1

SO

- . , 2
TnTnta = Ty (BXniq — @y — 1) =5zpzy 1 — T, — Ip =
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=9TpTpy1 + 1 — (5’721 + x, + 1) =0ZnTps1 +1 —Tp1xpyy =

= Tnp41 (551771, - l'n—l) +1=2y41 <1'n+1 + 1) +1= ZL'EL+1 +Zpe1 +1

Using the Holder’s inequality we get

LnTmTpETn2Tm4-2Lp+2 =
2 . ) 2 2 .
= (zn1 T a1 + 1) (T + 1422, ) (L4 a2, +2p) >

3
3/,.2 . 3/,.2 3/.,.2
> <\/5Ln+1£m+l + \/mp+1xn+1 + \/1/m+133p+1>

W31. (Solution by the proposer.) Using the Jensen’s inequality we have

A 1 A 1 A
(Z log,, alaz) >n (ﬁ Zlog;a1 a1a2> =n (E Z (loga1 a; + log,, Clg)) =
1 A A
=n (ﬁ (n + E:log,‘a1 a2>) =n (1 + \"/l—Iloga1 a2) =n2*

Second solution. Let z;, := log,, ak11,k=1,2,..,n—1 and
Ty 1= 10ga,,,+1 ar. Then z; > 0,k=1,2,....n,

n n
Hl'k = Hlogal az =1
k=1

cyc
and original inequality becomes

n

D (1 +ap)t > 02t (1)

k=1

L First we will prove that for any A € [0,00) inequality (1) holds.
Case A = 0 is trivial. For any A € (0, 00) we have:
1. By AM-GM Inequality

A
n

Z (L+z)* > n (H (1+ l'k)/\) " n (H (1+ Tk)) ;
k=1

k=1 k=1
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2. Also 1+ > 2 /7, k=1,2,...,n
Hence,

n

(1+ ;) Zn<

k=1

I1. Now consider case A < 0.

We will show that for any such X there are n € N and xy, zo, ...
that
T1To..., = 1 and
A n
Z(lJm:k < n2 <=>Z 1+Tk < 5
where p := — A\ > 0.
For any p > 0let n > 2Pand let 2, =a > 0,k = 1,2, ...,
n
Then 1< o and
= 1 n—1 aln=bp
; I+z)? (1+a) " (1+av )P
Since
| n—1 a(n=1p 1
o\ (T raP  (ta 1P )=
then
n—1 an=1p n
taf T Tra Ty <

for big enough a.
Simple particular case:

Let n =3 and A = —1 then for 2 = 29 = 2,23 = 1/4 we obtain

—1=
_
+
g

~
\Y
3
N

—-
)
?é'

N——

n—1z, =

, Iy > 0 such

1

anf]'
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1 1 12 1 22 3

= =—<_-=3-2"
1+I1+1+1‘2+1+3)3 1+2+1+1/4 15 2

Arkady Alt
W32. (Solution by the proposer.) The function

f@)=zln(l —x)
is concave because

1 1
-z (1-x)°

7@ =1

Using the Popoviciu’s inequality

f(z)+f (y)+f(2)+3f (“_irg_Jff) <of (m;ry)+2f (y;rz)Hf (z;u;)

we obtain the desired result.

Second solution. Note that

s]J(1—=) <3H(2 y— 2 = 8] -2 <

cyc cyce

<3H(1+m =

cyc

HlA.L' <Z l—x —1—(1 + 93 —I—z)

suffices to prove inequality

1—(m3+y3+z3)S%(1+m)(l+y)(l+z). (1)

Let p:= xy + yz + zx,q := zyz. Then

:E3+y3+z3:1+3q—3p,
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(I+z)(1+y)(1+2)=24+p+gq

and inequality (1) becomes
3 3
L=(+3¢-3p) < 2 Q2+p+q) <= 3(p—q) < g2trte =

= 8(p—q)<2+p+gqg = 0<99+2—-Tp

Since 3p = 3 (zy + yz + 2z2) < (z +y + 2)2 =1 and 9¢ > 4p — 1 (Schure
Inequality 3" x (z - y) (x — z) > 0 normalized by z +y + 2 = 1 in p-q
cyc :

notation) then
W+2-Tp=(99—4p+1)+(1-3p) >0
Arkady Alt

W33. (Solution by the proposer.)
1). Using the Young identity we get

b f(b)
[r@aes [ 5 @i <br0)-af @)

a f(a)
or
b )\p b
/f(z)dx+/f*1 (z)dz = X (b? - a?) = /2/\:rd;v
a Aa a
or
b b b
/f (x)dz + A/f‘l (Az)dz = /2)\xd:v
‘(l a a
or

/ (f (x) +Af71 (Ax) — 2/\:L') dr =0

therefore exist zo € (a, b) such that
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f (:120) + )\f_1 ()\T()) = 2Axg

2). Using the Young identity we get

b f(b)
/f(l’)dl’+ / f~H(x)dx =bf (b) — af (a)
@ fla)
b Ab
/f(ﬂ?)da?-{—/f_l(a;)d:vzo
a Aa
b b
/f(i’?)dif—)\/fl()\x)d;czo

b

/ (f(x) = Af'(x2))dz =0

2

therefore exist zg € (a,b) such that

f(zo) = Af " (Azo) =0

or

f (f(;'i‘o)) — Az

W34. (Solution by the proposer.) We have the followings:

bl

<

3 i
(z(k(f;;?,z!l 2)2> =((1-2-3)(2-3-4)...(k(E+1)(k+2)))

_12:342 344 k(1) (k+2) _ (k1) (k+2) (k+3)

- k 4
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" (2(k+1)(k+2)2)% " 1
1

2N\ (k2 SIS

n

_ 1 _ 1 _ n(n+5)
_Qg((’”l)(’“r?) (k‘+2)(k+3)) " 3(n+2)(n+3)

Second solution. Noting that

(n+2)*  (n+2®
2(n+1)(n+2)?* 2(n+1)(n+2)°

((n+2)1? oont ((n )
2 (n+ 1)' ((n+ )

+1)!
+2)!

Cal-(n+ D) (n+2)! 1L 2o
I

2

+

k=

::1

5 —

=T
1

n+1 n+2 n

:€II Hk2Hk—Uk[th Tk +2) =

k=1

:Hk(k+1)(k+2)

k=1
by AM-GM Inequality we obtain

L 1
k+2)13 k koo ' %
(58] e s

=1

LS gy LR DG D E ) | (D) (2 (e
Sk ~

k 4 - 4

o I

Hereof,

{—

2(k+1) (k+2)* ’“> 4
((k+2)3 T (k+1)(k+2)(k+3)

and, therefore,
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" (2(k+1)(k+2)2>’“> " 4

2’ GFD kT (kT3 -

k= k=1

. = ( 2 B 2 )_ 2 B 2
T\ (kD) (k4 2) k+2)(k+3)) Q+1D(1+2) (n+2)(n+3)

2 n(n+5)

1
T3 ma2m+d) 3t

Arkady Alt

W35. (Solution by the proposer.) We have the followings:

1 §m3+m2—1 <7713-|-Tr1,-3—i—m3=3m3 <m’
for all m > 2, and

1 §7n2—m+1 <mQ—i-m2—}—m2 = 3m? <m’
Therefore m? + m?2 — 1 appear in product (1-2- ... m)5 and m? —m+1
appear in product (1-2-...- m)4 therefore

m’+m—1= (m3—i—m2 —1) (mQ—m+1)

appear in product (1-2-...- m)q Therefore for n = m? we have infinitely

many solutions.
W36. (Solution by the proposer.) First we will prove inequality

A (a,b,¢) A (a®, b, %) < 25F% = A% (a?, b2, c?) (1)

Due to homogeneity of inequality assume that semiperimeter s equal 1.
Then , denoting z:=1-a,y:=1-c¢ and p = xzy + yz + 2z, q = TYZ We
obtain z +y+z2=1,2,y,2 >0, a=1-z,b=1-y,c=1-zand

Z a’h = Z (x + yz)3 = Z (I3 + 3x2yz + 3zy?2? + a:3y3) =

cye cyc cyc

1—|—3q—3p+3q+3pq—|—p3+3q2—Spq



