Undergraduate problems

U181. Consider sequences (an)n>0, (bp)n>0 and (By)n>2, where ap = by = 1, apt1 = ay + by, byy1 =
(n? +n 4+ 1Day, + b,, n > 1. Evaluate lim, o, By, where

(n+1)2 B n?

B, = .

Proposed by Neculai Stanciu, George Emil Palade, Buzau, Romania

Solution by Arkady Alt, San Jose, California, USA

Proposition 1.
an, =2n!,n > 1.

Proof. By replacing (bnv bn—i—l) with (an+1 — Qnp, Qn42 — an—i—l) in

bpe1 = (N® +n+1) an + by

we obtain

Ant2 — g1 = (NP +n+ 1) ap + any1 — an = apio = 2a541 + (n* + 1) ap,n > 0.

We also have
a1:a0+b0=2,b1=(02+0+1)a0+b0:2,a2=a1+b1:4.

Since a3 =2 1!, ag = 2 - 2! and from supposition a, = 2n!,a,+1 = 2 (n + 1)! it follows that

ant2=2-2(n+ ) +nn+1)-2n'=2n!'2n+2+n(n+1))
=2n! (n* +3n+2) =2n!(n+1) (n +2)
=2(n+2)\

Then by math induction we have a,, = 2n!,n > 1.l Thus,

(n+1)? n?

B, = - .
Y2+ ) /20l

Proposition 2.
lim

n —
n—oo U/l
1 n 1 n+1
<1+—> <e<<1+—> .
n n

<1+E> <€<<1+E> <:>T<6<W7kEN

€.

Proof. We have

Since
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n n k+1 n k n n k+1 n
(k+1 n (k+1) (k+1) 1 n (k+1) 1
H Lk ]._.[ Lk +1 (:}H k1 HE<€ <H Lk HE
k=1 k=1 k=1 k=1 k=1 k=1
n n+1 n
PN (n+1) en (n+1) PN n+1 !<(n+
n! n! e en
1 n 1) v 1
—s n -+ < m < (n + ) n 4+
e e
— ne - n - ne
m+D)Yn+1  Yn! n+l
Hence,
lim ne _ = lim _ne —e¢ — lim — =¢cl
nsoon+1  nooo(n41)Yn+1 n—00 \/_
Proposition 3.
I LS WY
nooo \ Ul am) 0 E
Proof. Since lim nL =cand lim n ((L/ﬁ — 1) =1In2 lim i <eln72 — 1) = In2 then
n—00 n— 00 n—oo In
lim ( ) (W—l)z lim - lim - lim n({’/ﬁ—l)zelnzl
n—00 nl /2n! n—>oo V2n! n—00 /2 n—00 yY n—00
n?
Let §,, =
" v 2n! \/n_
lim 6, =0
n—oo
and ) )
n n
=———¢ln2+46
v 2n! nl
— (n+1)° n?
Let B, = - , then
Yo/ (1)l nl
(n+ 1)2 2

and, therefore,

lim (Bn —

n—0o0

—eln2+ 6,41 — <n_

Vil —eln2+5n) = Bp 40,41 — 0p
n!

B,) =0.

To prove following proposition we need inequality for n! which is more accurate then the one above -

which help us find

lim

n— 00 \/_

For our purpose it the following is sufficient.

Lemma.(The proof is in Appendix).

following inequality holds
n

(<

Proposition 4.

lim (n+1)

n—oo
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) an < n! < <—) van - eten,
e

There is positive constant a such that for any n € N the

1

(

n+1

n

(i)

1)
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Proof. Since

1

1_7
n n 1 e 12n2 n e
1 _ 2n ”! _ 2n . 2
()<:>e\/an<\/n<e\/cm eizn? <— 2W<"n!<2W

we have
n+1 n _ e el_ﬁ _ e 2{‘/aneﬁ 1
"/ (n+ 1)! ! 2t /a (n + 1) Z/an 2W6ﬁ 2l /a (n+ 1)

(5

= (e ),
2/ ane12n2

where
| X/ aneizn? 1 (lnan Ina(n+1) . 1
an =1In == - — .
n 2(n+1\>/ﬁ 2 n n+1 6n2
n+l n_
Also note that Ty ey > e € N. Indeed,
n+1 n (n+1)"H) pn(ntD)
oy > — <~ G > P |
Y+ 1) nl ((n+1)) (n!)
(n+1)" _ nn+D
(nl)n (n!)n+1
nn(n+1)
= nl>—-7
(n+1)"
n
= nl>|— <:n'>(§)n
ENCESN e/
Thus,
n+1 n (n+1)e
0<(n+1) — < (e —1).
( Dt Val ) X/ane
Since lim —~&%—— =€ and lim «, = 0 yields lim ea;_l =1 then it suffices to prove that
n—00 2%612712 n—00 n—00 "
lim (n+1)a, =0.
n—o0
‘We have
. lnan Ina(n+1) 1
nh_)n&)(n%—l)an——nlinolo (n+1) ( T +W)
Inan  Inan  Inan Ina(n+1) 1
== hm (n+1) + — +—
2 n—o0 T n+1 n+1 n+1 6n2
1 Inan In (1+ ) 1
==1 1) —
5 it (n+ < n+1) n+l 6n2>
1 1 1 1
= <lim 2O im ln<1—|——> + lim 2 ) —o0.m
2 \n—oo 1N n—00 n n—oo 6n2
Hence,
L= (n+1)° n?+n no\ . n+1 n ) no
. B = lim < R - Vnl] Aim (n+ 1) R CES L) + lim = 1€
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and, therefore,

lim B, = lim ((B, — By) + By) = lim ((B,— By)) + lim B, =e.

n—o0 n—o0 n—oo n—00

Appendix. Proof of the Lemma.

1. First we will prove inequality
1 n+%
e < <1 + —) ,
n

n
Note that sequence ((1 + i) ) oy is decreasing. Indeed,
nz

for any n € N.

n—1

2 n 9 n+1 n—+1 n n-+2 n+1
14+ ——- > 1+ — < >
n—1 n n—1 n

— (—”("H) ))n>1+%

(n—1)(n+2
e (1 —2 ) s1?
(n—1)(n+2) n’
Applying the inequality (1+a)"21+na+@a2,a>0,n€Nt0a:myields
2 " 2n n(n—1) 4
I+ —————) >1+ + :
< (n—l)(n+2)> (n—1)(n+2) 2 (n—1)%(n+2)
1 2n n 2n
(n=1)(n+2)  (n—1)(n+2)>

and

2n 2n

L+m—1ﬂn+m+kn—naﬁa)

2
5 >1+E — (n+3)n®>(n—-1)(n+2)*

— n?+3n®>n3+3n>-4
<— 4>01

n n+2
Since (1 + %) > (1 + %)RH > (1 + %H) then

(1+nfl>n><1+nil)ma. @)

By replacing n with 2n + 1 in (2) yields

1\ 2+l 1 2n+3 1 n+3 1 n+1+3
14— > |14+ ——7—= = |1+ - > (14
n (n+1) n n+1

)n—l-%

and, since lim (1+ 1 = e then

n—oo

1\"z
e<<1+—> , neN.
n
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2. Consider Taylor representation for the function ln onze (0,1):

1 00 1 k—1 2k 0 k 1 k
ln1+x:ln(1+x)—ln(1—:v)zz( ) Z ( 2)
-7 k=1 =1
[e.@) k-1 L [e.@) k
(=) "z z
e s
k=1 k k=1 K
o ((-1)Ft )t
- Z A
k=1
_ i 2x2k—1
Pt 2k -1
Since 2t = ey then by replacing x with in In 1+x = ioj 2020 e obtain
m [pp—_— Y Iep g In+1 +1 = 2T

n+l o 2 1 2 > 1
n = . = 1 +
n ; 2k—1 (2p+ 1)1 2n+1 ( kzzg (2k — 1) (2n + 1)2<k—1>>

1
2 > 1 2 1 a2
< 1 + = 1 e
ntl ( 2 St 1>2’“) N =

e 1 e S
e — — < 12n(n+1) |
n+%( +12n<n+1>) ( +n) ‘

Thus we have the double inequality

1
1\""2 1
e< (1 + —) ool

n
Since
ntg n+3 nt+1+3
1 2 (n+1)""2 (n+1) 2
e<(1+= = e<—F— = e(n+l)< —>F5—
n nn+§ nn+§
1
et (n4+1)  (n+1)"e
— < .
en! nta
nn—l—% (n+ 1)(n+1)+%
<~ T ,n>1
enn! entl(n+1)!
N . .
then the sequence (an)n21 where a,, = "5+, is increasing. Since
n+3 n+1+3 |
14+ l < €1+ 12n(11+1> — (n + 1) - ° < (TL + 1)' . en+1_n+ﬁ_l2(i+l)
nn+§ 'n'
(n+ 1)n+1+% nts
< T < T
(n + 1)!€n+1_ 2(n+1) nle" 12n
n+ 1 1. . . _
then the sequence (bn)n21 , where b,, = % = apet2n is decreasing. Since e™' =a; < a, < b, <
11 1 . . . .
b1 = e” 12 and b,, = a,eT2= then both sequences converge to the same limit. Let % = lim a, = lim b,

n—o0 n—o0
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11
then e12 < ¢ < e and

1 1 1 nle™ e"n!
U < —<bp &= —<a< — = ——— <a< —-+
a by an n"t2et2n n"t3a

1

n\n n\”
= (—) an < n! < (—) van - etn,
e e
Remark. Using Vallis’ formula we can obtain a = 27 but here we don’t need that.

Also solved by Angel Plaza, University of Las Palmas de Gran Canaria, Spain; Daniel Lasaosa, Univer-
sidad Publica de Navarra, Spain; G. C. Greubel, Newport News, USA; Roberto Bosch Cabrera, Havana,
Cuba; Lorenzo Pascali, Universita di Roma “La Sapienza”, Roma, Italy.
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