S549. Let a,b, ¢ be positive real numbers such that a + b+ ¢+ abc = 4. Prove that

avbe+by/ca+cevab<Vi+da-a?+V1+4b-b02+V1+4de—c2<ab+bc+ca+3

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution by Arkady Alt, San Jose, CA, USA
First, note that in fact holds inequality

aVbc+bJ/eca+cvVab+3<V1i+da-a?+V1+4b-0? + V1 +4dc— 2 <ab+be+ca+3.

(D)
Indeed, since WNbe<hb+c=4-a-abc = 2avbc< 4a-a® - a’be —
1+2aVbe+a’be<l+4a—-a® < 1+avoe< V1 +4a—a?
and
.1 N ~ /1 N L .92 ~ 71 N
b+c\° 2(b+c b+cy 2(b+c
a(T) 2abc:4—a—b—c:4—a—% — a( 2 ) + (2 )24—a —

2 2
(12(%) +2a-¥24a—a2 — (@+1) >da-a’+1 —

a(b+c)
2
then 1+ av/he < VIt da—a? < 20+

5 + 1 and, therefore,

+1>V1+4a-a?

Z(1+a\/ﬁ)<2vl+4a—a2<2(@+l) — (1).
cye cyce

cyc

Equalities in (1) occurs if a=b=c=1.

Also solved by Titu Zvonaru, Comdnesti, Romania; Arighna Pan, Nabadwip Vidyasagar College, India;
Prodromos Fotiadis, Nikiforos High School, Drama, Greece.
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