Senior problems

S517. Let a,b, ¢ be real numbers such that
a*+0*+c®—1=3(a-1)(b-1)(c-1).
Prove that a+b+c¢ < 2.

Proposed by Titu Andreescu, University of Texas ot Dallas, USA
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We will use compact notations, namely let s:==a+b+c,p:=ab+ bc+ca,q:= abc.

Without loss of generality we can assume that s > 1. Since a® +b* + ¢* = s* + 3¢ - 3sp then
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becomes

53+3q—35p:3(q—p+8—1) > 53—35+2:3p(s—1) —
(s+2)(s-1)"=3p(s-1) <
(s+2)(s-1)=3p.
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Noting that 3p = 3 (ab+bc + ca) < (a+b+c)? = s> we obtain that

(s+2)(s-1)<s® = s<2.

Also solved by Israel Castillo Pilco, Huaral, Peru; Daniel Lasaosa, Pamplona, Spain; Andrew Yang
Hotchkiss School, Lakeville, CT, USA; SQ Problem Solving Group, Yogyakarta, Indonesia; Taes Padhihary,
Disha Delphi Public School, India; Corneliu Manescu-Avram, Plotesti, Romania; Ioan Viorel Codreanu,
Satulung, Maramures, Romania, Dumitru Barac, Sibiu, Romania; Nicusor Zlota, Traian Vuia Technical
College, Focsani, Romania; Tituw Zvonaru, Comdnesti, Romania; Toannis D. Sfikas, Athens, Greece.
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