S459. Solve in real numbers the system of equations

-2 = /o2
|y2—2‘=\/2+2
|22 -2 = Va+2

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Arkady Alt, San Jose, CA, USA
First note that

|22 - 2| = /y+2 y=(22-2)" -2
|y2—2|=\/2+2 <~ Z:(y2—2)2—2
|22 2| = Va+2 :c=(z2—2)2—2

Noting that x,y,z > -2 we consider two cases:

First Case: Let x,y,z € [-2,2].Then denoting ¢ := arccosg we obtain x = 2cost,t € [0,7],

Y= (4COS2t—2)2 —2=4cos’2t—2=2cosdt,z = (4cos24t—2)2 —2=2cos 16t

and )
z = (4cos® 16t —2)” - 2 = 2 cos 64t.

Hence, for ¢ € [0, 7] we have 2cost = 2cos64t <

65t t_w(2n+1)

in— =0 ,0<n <32
cos64t —cost =0 < - % — 65 "
Sin6t—0 ; m(2n+1) 0< <31'
220 TERT ) h<n<
2 63 '
Thus,
2 1 47 (2 1 16 (2 1
(x,y,2) = 2COSM,QCOS m(2n+ ),2cos 6@n+1) ,n=0,1,..,32
65 65 65
and
2 1 4 (2 1 16 (2 1
(:c,y,z)=(2cosw,2cos 7r(6n+ ),2008 6(67;; )),n=0,1,..,31.

1
Second Case: Let x,y,z > 2. Then using representation z =t + ;,t > 0 we obtain

2 2
1)? 4, 1 4, 1Y 16, 1
y=((t+;) —2) -2=t +t—4,Z=((t +t_4) -2 -2=t +tﬁ7

1\2 2 1 1
_ 16 _ o _ 464 _ -
x—((t +_t16) 2) 2=t +—t64—t+t.

1 1
Equation t% + — = + = has only solution ¢ = 1,because for any ¢ > 0 and
{64 t

1 1
any natural n > 1 holds inequality t" + m >t+ 7 where equality occurs iff ¢ = 1.
1 1
Indeed, £+ = 2t + = <= 2 -l 1150 = (v -1) (" -1) 20
Also solved by Titu Zvonaru, Comdnesti, Romania; Nicusor Zlota, Traian Vuia Technical College, Foc-

sani, Romania; Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy; Albert Stadler, Herrliberg,
Switzerland; Toannis D. Sfikas, Athens, Greece.
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