S388. Let a, b, ¢ be positive real numbers such that a® 4+ b? + ¢ = 3. Prove that

11la—6 11b—6 lac—06 15
+ + < —
c a b abe

Proposed by Marius Stanean, Zalau, Romdnia

Solution by Arkady Alt, San Jose, CA, USA

Note that 1 6 5
> ac < - = 1 (a’b+ %+ Pa) =6 (ab+be+ca) <15 =
cyc
11 (a®b + b%c + c*a) <5 (a® + 0% + ¢*) + 6 (ab + be + ca) .
Since

(a+ b+ ¢)® — abe

N

4
azb+bzc+02a+abc§2—7(a—l—b+c)3 — a’b+bPc+ Pa<

it suffices to prove

4
1 1 (2—7(a+b+c)3—abc <5(a*+b*+c*) + 6 (ab+ be + ca)

Since
5(a2+b2+c2)+6(ab+bc+ca):2(a2+b2+62)+3(a+b+c)2:

2 2 2 2
2@+ +c?)+3(a+b+o) T
V3

suffices to prove homogeneous inequality

4 3 2(a®+ 02+ +3(a+b+e)
11| —= — < . 2 4 B2 4 2
(27(a+b+c) abc)_ 7 vat+b+e

which after normalization by a + b+ ¢ = 1 becomes

11\/§<2i7—q> <(2(1-2p)+3)-V/1-2p <

4
11\/5(2—7—(]> §(5—4p)~\/1—2p,
where p := ab + bc + ca, q := abc and
4p—1
QZQ*::maX{Ov b },p€(0,1/3]

for p € (1/4,1/3] we consider inequality

Since q >

4p —1

11@(%—%) :11%3(%— 5 )§(5—4p)-\/1—2p — (5-4p)*(1—2p) >

7—12p 2 2 2
121 - = 243(5 — 4p)? (1 — 2p) > 121 (7 — 12p)2.
< 973 ) (5—4p)” (1 —2p) > 121( D)

We have 243 (5 — 4p)* (1 — 2p) — 121 (7 — 12p)* = 2(1 — 3p) (73 — 552p + 1296p%) > 0
(p€(1/4,1/3] and 73 — 552p + 1296p* 1 p > 1/4 then min (73 — 552p + 1296p°) =

1 1\2
73— 552 2 +1296 ( < = 33.0 > 0).
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4 4
Let p € (0,1/4] then 11v/3 <2—7 — q*> =113 <2—7 — 0) < (5—4p) - VT —2p. —
2 4 \? 2
(5 —4p)° (1 —2p) > 121- o3 = 243 (5 —4p)° (1 —2p) > 121-16

and 243 (5 — 4p)* (1 — 2p) — 121 - 16 = 4139 — 486 (45p — 48p> + 16p?)
max _(45p — 48p? + 16p?)

pe(0,1/4]

Since (45p — 48p? + 16p3), =45 — 96p + 48p% = 3 (3 — 4p) (5 — 4p) > 0 for p € (0,1/4]
1 1\? 1\ 1

then pe%?l};zl] (45p — 48p% + 16p3) =45 1 48 (Z) + 16 (Z) = ?7 and, therefore,

17
4139 — 486 (45p — 48p” + 16p%) > 4139 — 486 - - =8> 0.

Also solved by Angel Plaza, University of Las Palmas de Gran Canaria, Spain.
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