S207. Let a,b, ¢ be distinct nonzero real numbers such that ab+ bc+ ca = 3 and a + b+ ¢ # abe+ aibc. Prove
that
( a(b— c)) ( be—1 >
be—1 ) Z a(b—c)
cyc cyc

Proposed by Titu Andreescu, University of Texas at Dallas, USA

is the square of an integer.

Solution by Arkady Alt , San Jose ,California, USA.
We have

2
a+b+c;«éabc+a—bc — a®’P —abc(a+b+c)+2#0 < (ab—1)(bc—1)(ca—1) #0.

By denoting x = bc — 1,y = ca — 1,z = ab — 1, it suffices to show that for nonzero real numbers x,y,z

such that t +y+2=0,
z—y x
cyc cyc

is the square of an integer. We will prove that this quantity is equal to 9.

Note that
-y o -2 -y (z—2)
Czy; T o Tyz
and
ro_ : Sy -a) (- 2)
Cycz—y_(y—:c)(z—y)(a?—z)cyc Y
so that
ey . CZy:Cw(fc—y)(ﬂf—Z)
B3 (35) 7w
Next,

Z:c(:c—y)(a:—z) = Za:(a:z—a:y—a:z—i-yz)

cyc cyc
= Zm3—2x2(y+z)+3:cyz.
cyc cyc

and the hypothesis z + y + z = 0 yields > 2% = 3ayz, Y. 22(y + 2) = — > 2% = —32yz. All in all,

cyc cyc cyc

z—y x _
(25) (3:5)-

Also solved by Daniel Lasaosa, Universidad Publica de Navarra, Spain; Ajat Adriansyah, Indonesia;
Alessandro Ventullo, Milan,Italy; Titu Zvonaru, Comanesti, Romania; Neculai Stanciu, George Emil Palade
Secondary School, Buzau, Romania
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