S184. Let H, —% %—I—---—I—%,nZQ. Prove that
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Proposed by Tigran Hakobyan, Vanadzor, Armenia
First solution by Arkady Alt, San Jose, California, USA

LHS. By the AM-GM inequality we have
W< 1+24---4n _ n—i—l‘
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Since 1\" 1 1 n+1 1
<1+—> <e = 1+ —-<en < <en
n n
for any positive integer n, then
Hei>Hk+1 eH">nT+1: et > D02 S Wl

RHS. Note that

n+1> 20t Hn=ntn s o

Indeed, since
(n+1)Hp41 —nH,=(n+1)H,+1—nH,=1+ H,

then
1
nt 1> 20 a4 ] s 9l ey 9l P s (1)
We will prove inequality (1) by math induction.
1. Base case
3
Ifn:2then2H2:\/§and\/§<§ < 8<09.
2. Step case
n+2 1 .
Note that 1 > 2n+1. Indeed, by the AM-GM Inequality
n
, 24n-1 n+2
n+1 n+1
2= "V2-1-1---1< = .
V2 n+1 n+1
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Since 2#1 < n i 7 and by supposition of math induction 27» < nt , n > 2. Then
n
ot g < ML nH2 gtins < 12
2 n+1 2

And again by math induction, since for n = 2 we have 2! = 22H2 and from supposition n! > 2"H» it
follows that

(n+1)!=(n+1)n! > (n+1)2"Hn
> 2(n+1)Hn+1—an . 2an — 2(7’L+1)Hn+1.

Then n! > 2?n «— n! > 28 for any n > 2.

Also solved by Albert Stadler, Switzerland; Daniel Campos Salas, Costa Rica; Daniel Lasaosa, Univer-
sidad Publica de Navarra, Spain; G. C. Greubel, Newport News, USA; Perfetti Paolo, Dipartimento di
Matematica, Universita degli studi di Tor Vergata Roma, Italy; Lorenzo Pascali, Universita di Roma
“La Sapienza”, Roma, Italy.
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