Olympiad problems

043. Let a, b, ¢ be positive real numbers. Prove that

b+c c+a a+b 16(a+b+c)3
\/ \/ = \/3(a+b)(b+c)(c+a)'

Proposed by Vo Quoc Ba Can, Can Tho University, Vietnam

First solution by Arkady Alt, San Jose, California, USA

Let us solve the following inequality

[

Leta=y+zb=z2+z,c=2+y, and s = z+y+2 = L Observe that
a, b, c determine triangle ABC' with semiperimeter s, area F', and circumradius
R. Using our notations we can rewrite our inequality

a N /b N c_ o /163 —

s—a s—b s—c — V 3abc
Z s—b (s —c¢) i.i
V =3 abc V3 R

cyc

‘We know that % =sinA +sin B +sinC = 4 cos é cos g cos % and

Our inequality is equivalent to

. . B . C 4 A B C
sm§+sm§—|—8m5 > ﬁCOSgCOSECOSE.
Denote by o = ”_A,ﬂ ’T_B,fy = ’T_C. Observe that a + 6+ v = 7 and
a, B3,y € (0, 2) Consider now an acute—angled triangle A’B’'C’" with A’ =
a,B" = 3,C" = ~ with the same notations a,b,c, s, R,r, for the lengths of
sides, the semiperimeter, the circumradius, and the inradius, respectively. Our
inequality can be rewritten as

4 . .
cosa + cos 4 cosy > —= sin asin Fsin .
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Using the identity cos a + cos 3 + cosvy = & and Fuler’s Inequality R > 2r

we get cosa + cos 3 + cosy > ?}'i. Also we know sinasin fsiny = Wag =

Thus, it suffices to prove

SR~ 2R%
4 TS 3r
NAET RN or 25 < 3V3R,
b+c)?  4s?
that is clear from the famous fact 9R? > a? + b* + % > u = i.

Second solution by Kee-Wai Lau, Hong Kong, China

Our inequality is homogeneous, therefore we can assume that a+b+c = 1.
Let us rewrite it in the following form

b+c¢ c+a a+b 43
7 (c+a)(a—|—b)+W (a+b)(b+c)—|—7 (b+c)(c+a)2T.
We have

1
b\%/—ac (c+a)(a+b)= (ﬁ — a) V(c+a)(a+b) = 1/1+%C—\/E~/a—+bc.
Using similar expressions for CJFTZL«/(Q +b)(b+c) and atb \/m we

see that the left hand side is equal to S; — S, where

b b
Sl=\/1+a—+\/1+—c+ 14+
c a b

Sy = vava + be + VbVb + ac + eve + ab.

From the AM-GM inequality we have

and

1 1 ab b
¢1I)+bc+ca<—,a—|—l)2 > a—+—c+%21,
3 ¢ a b

w

Let us prove that S; > 2v/3. Using the AM-GM inequality we have

(%) <1 + ab) (1+ bc) (1+ %) = 1+a?+b> 2+ b+bc+cg‘+ be

1
:1+§(a-|—b+c)2—|—§(a2+b2 )+—(a—b+@+%>+
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