0437. Let a,b, c the side-lengths of a triangle ABC. Prove that

Proposed by Mircea Lascu and Titu Zvonaru, Romdnia

Solution by Arkady Alt, San Jose, CA, USA

4(a+b+c)
Using well known cyclic inequality abc + a?b + b%c + c?a < % we obtain
a b ¢ ab®+a2c+b® 4d(a+b+c)?
b ¢ a abe 27abc
Thus, suffice to prove inequality
4(a+b+c)® 242 4-8s3 252 4> s2
< +2 <— < +2 <— <——+1.
27abe 2772 27-4Rrs ~ 27r? 27Rr = 27r2
Since 16Rr — 512 < 52 < 4R? + 4Rr + 3r% (Gerretsn’s Inequalities ) and R > 2r(Eulers Inequality)
we have
52 452 52 252 252

241 = - 1- =
o2 " T 2TRr 212 2TRr - 21Rr
2(p 2
s* (R 27’)_(23 _1)2

27 Rr? 27Rr

(16Rr -5r%) (R-2r) 2(4R*+4Rr+3r*)-27Rr (16Rr-5r?)(R-2r) (R-2r)(8R-3r)
27Rr2 27Rr - 27Rr2 27Rr -
R-2r _2r(R-2r)(4R -

= (16Rr - 512 - ~3r)) = "o
27Rr2( 6Rr —5r° —r (8R-3r)) T2 >0

Also solved by Kevin Soto Palacios, Huarmey, Peri; Nermin HodZic, Dobosnica, Bosnia and Herzegovina;
Marin Chirciu, Colegiul National Zinca Golescu, Pitesti, Romania; Nicusor Zlota, Traian Vuwia Technical
College, Focsani, Romania; Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Rome, Italy.
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