O176. Let P(n) be the following statement: for all positive real numbers zi,xg,...,x, such that
Trt+T2t -t Ty =0,

T2 T3 1

n
+ o e >
Var+2z3 oo+ 214 VT, +2z2 ~ /3

Prove that P(n) is true for n < 4 and false for n > 9.

Proposed by Gabriel Dospinescu, Ecole Normale Superieure, France

First solution by the author

Let S(z1,z9,...,2y,) be the left hand side of the inequality. Using Holder’s inequality, we
obtain
S (wa(w1 + 223) + -+ + 31 (25 + 222)) > (21 + T2+ -+ +20)° = 0P

On the other hand, we have
xo(x1 + 223) + -+ - + w1 (zp, + 222) = 3(x122 + T2T3 + -+ + THT1).

Using the fact that
122 + Tox3 + -+ Tpx1 <N
whenever 1 + z9 + -+ x, = n and n < 4. The last fact follows from the fact that

(a+b+c)?

ab+be+ ca < 3

and

(a+b+c+d)?
1 :

The conclusion follows easily for n < 4. Chosing 1, x2, x3, 24 close to % and the other variables

equal and close to 0, one easily obtains that the expression is smaller than = for n > 9. The

V3

ab+bc+cd+da=(a+c)(b+d) <

conclusion follows.

Second solution by Arkady Alt, San Jose, California, USA
Let n < 4.Then, applying consequentially AM-GM and Cauchy inequalities, we obtain

n T2 n 29 n 3
-2 > _
chc 3(z1 4+ 2x3) Ecyc 3+ (21 + 223) chc 3xg + (z122 + 2x273) —
2 (X $k)2 _ 2n’
3> poixk+ Zgyc (x129 + 22223) 3N+ 3 Zgyc 1T

T 2

n

2
Thus, " I I —
2cye Vrr+2z3 V3 A+ L i

2
1+ X9+
n$1$2§(1 2 +1x3)°

For n = 3, since x1 + 3 + x3 = 3 we have chc 3
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If n =4 then x1 + 22 + 3 + 4 = 4 and chcl'll‘g = (x1+23) (x2 +24) <

((1'1 + %’3) + (1’2 + :L‘4) 2

2 2 n
> = 4.Therefore, — - ————— =

VERRIE DRI

k=1,2,....,n.Then

T ok’
n
Th+1 Tn ) I s
Zk Ik T 2Thys VIno1 281 T, + 222 D k=1 o ~
o T2 o
n n
Vi Vn Jn

2
n Zk 1 \/Qk—i—
on— 1 on

Since ) _ 2k+2 i 2k+1 =Vndi- 2k+ [Z 2k Vok—1

%\/g [ﬂ—l \/7\/-+ 2n+1\/i22" 2{/_7217

V241 V3 VB
[thenLHS [( NG +2\/2_n \/_>
\1271 2+2
Moreover, since n > 9 we obtain
VB VB _VEt1 VB VB 14VE 1 _
+7+2\/2_n \/_ NG +2\/_ \/_ 14 NG +ﬁ—2.976<3,

and , therefore, L.H.S. < v/3n < —.
\/3
So, P (n) is false for n > 9.

MATHEMATICAL REFLECTIONS 6 (2010)

n
2 4 9k+1 * V/2n+1 4 92n + 1 '
on—2 +2
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