0150. Let n be a positive integer, €, ...,€,—1 be the nth roots of unity, and a,b
complex numbers. Evaluate the product

n—1

H (a—i— be%).

k=0

Proposed by Dorin Andrica, “Babes-Bolyai” University, Romania

First solution by Carlo Pagano, Universita di Roma “Tor Vergata”, Roma,

Ttaly
1) If n is odd then multiplication by 2 acts as a permutation on Z, and
therefore
n—1
P= H (a+ be;) = Za" bo,.
i=0
where o; = 20§j1<"'<ji§n—1 €51 € Slnce

oo=1, op1=(-1)"" o;=0frj=1,...,n—2
we have that P = a” + b" for n odd.
2) If n is even, since €, /54; = —¢; then

2 2

n/2—1 n/2—1

P=| I @+o® | = I (a+bw)

=0 i=0

where wo, ...,wy /o1 are the n /2-th roots of the unity. Hence, as before
we find that P = (a™/? — (=b)"/?)2 for n even.

Second solution by Arkady Alt, San Jose, California, USA

From the given we know that g, e1,...,&,_1 are roots of equation u™ — 1 =
0,u € C then

n—1

H(u—sk)zz”—l.

k=1

a
Let z be a solution of the equation 22 = —— then

— n—1
H a+ bgk = H (—b) <—ib — 5%) = (—b)" (z2 - ei)
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If n is even, that is n = 2m, then

]:[ a+b5 _b2m(24m_2z2m+1):b2m <<_%>2m_2<_%>m+1>
— g2m _ 9gm (_b)m + p2m — (am _ (_b)m)Z .

If n is odd then
n—1 a\n
2\ _pn(_ . 2n _n(_(_= _.n n
klzll(a-l—bsk)—b (2 +1) = v (= (-5) +1) =a"+om
Thus,

- ul N2
H a+b€k (a2 —(—b)Q) if nis even
hel a4+ b" if n is odd

Also solved by Daniel Lasaosa, Universidad Publica de Navarra, Spain; Michel
Bataille, France; Roberto Bosch Cabrera, Havana, Cuba.

MATHEMATICAL REFLECTIONS 1 (2010) 42



