Olympiad problems

0145. Find all positive integers n for which
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is the square of a rational number.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

First solution by Arkady Alt, San Jose, California, USA

n 1 1
Let P = [] (k‘4+z> and let ak:kQ—k+§,k=1,2,...,n. Since agy; =
k=1
2 L 4, L 2, 1 2
k +k+§andk +Z= k +Z —k* = agagy1,k=1,2,...,n then

1
P =a1a,41Q% = 1 (2n® +2n+1) Q%

n
where @@ = ][] ax. Therefore, P is the square of a rational number if and
k=2
only if 2n% + 2n 4 1 is the square of a positive integer, i.e. if and only if
2n2 +2n + 1 = m? for some positive integer m. Therefore 2m? — (2n + 1)2 =1

and then our problem is finding the solutions to the equation

a2 — 2% = —1
in positive integers. Let

Z(\/§)={Jz+y\/§fm‘,y62}, N(\/ﬁ) = {Jz+y\/§fa:,yeN}

and let s = 3+ 2v/2 and for any z = a:+y\/§ cZ (\/5) denote Z = x—y\/i. In
this notation equation 22 —2y? = —1, 2,y € N becomes 2z = —1,2z € N (\/5) .
Denote the set of all such solutions by Sol, i.e.

Sozz{zfzeN(\/ﬁ) andzE——l}.

Note that for zg = 1+ v/2 € N (v/2) we have zzy = —1 and since s5 = 1 then
for z;, = sFzy we also have 2,z = —1, k € N. Also it is clear that z is smallest

MATHEMATICAL REFLECTIONS 1 (2010) 31



element in Sol. Note that if 2 € Sol (that is 2z = —1,2 € N (v/2)) and z # 2
then 5z € Sol. Indeed, 3z -sZ =35s-2Z =1-(—1) = —1. It remains to prove
EzeN(ﬂ).Letz=x+y\/§then x2=2y2—1 and

32 = (3—2\/5) (:c+yx/§) = 3z — 4y + (—2 + 3y) V2.

Since z # 29 = 2z > 29 = x,y > 2, and moreover, x,y > 3 because x is
odd and 2y? — 1 isn’t square of integer for y = 2, we have

3z >4y < 927 > 16y <> 9(2y° — 1) > 16y> < 2y° >9 «— y >3
and

3y>2z <= 9P >4da = 9P >4(27 1) = y*+4>0.

We will prove that Sol = {zkf keNU {0}} . Suppose that exist z € Sol which

not belong to the sequence zy < z1 < 22 < -+ < 2 <,.... Since (2)p> I8
unbounded from above then there is k such that 2, < z < zp4q. Since 2y <
sk2 < 21 = szp = 7+ 5v2 then 5511z < 25 and 51z € Sol. That is the
contradiction because zg is smallest element in Sol. Thus,

Sol:{zkfkeNU{O}}.

Let 2 = % + yrv/2,k € NU{0}. Then

Thy1 = 3Tk + 4yk
Y1 = 205 + Yk
= Tt — 3Tp1 = 27, + 3 (Tp1 — 37p)

Zk4+1 = Sz — {

> Tpyo — 621+ T =020 =1,21 =7.

Since x = 2n+ 1 then all natural n for which 2n? 4+ 2n 4+ 1 is a square of integer

-1
Tk , k=1,2,.. } . By substitution

2
T = 2ng + 1 in Tp49 — 62541 + 72 = 0 we obtain

should be elements of set {nk ‘ng =

2npyo+1—12nk 11 — 64+ 1dng +7 =0 <= npyo =6ngyp; — Tng — 1

Thus, all solutions of problem are the terms of the sequence (n);~, defined
recursively by
Ngr2 = 6ngy1 — Tng — 1,mo = 0,01 = 3.

In particular, ny = 3,ne = 17, n3 = 80, n4 = 360, ...
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