J99. In a triangle ABC, let ¢q, ¢y, ¢ be the angles between medians and altitudes
emerging from the same vertex. Prove that one of the numbers tan ¢, tan ¢, tan ¢,
is the sum of the other two.

Proposed by Oleh Faynshteyn, Leipzig, Germany

First solution by Arkady Alt, San Jose, California, USA

If we define ¢g, Pp, p. as oriented angles between medians and altitudes ( let
it be counterclockwise orientation) then statement of problems becomes Prove
that tan ¢, + tan¢p + tan ¢, = 0. Since a = bcosC + ccos B and tan¢, =
a

2 _ccosB
9 C COS

- then, applying the Sine Theorem we obtain
csin B

bcosC — ccos B

tan g = csin B
2Rsin BcosC — 2R sin C cos B
2RsinC'sin B
sin B cosC' — sin C' cos B
sin C'sin B
=cotC —cot B

therefore

Ztangba = Z(cotC’ —cot B) = 0.

cyc cyc

Second solution by Magkos Athanasios, Kozani, Greece

Let AM be the median and AD the altitude emerging from vertex A. It is

obvious that
MD

AD"’
Recalling that |b? — ¢?| = 2aM D, we obtain

tan ¢, =

. ¢ |b2—02| |b2—02|
1n = =
¢ 2ah, 4F

where F' is the area of triangle ABC. Similarly, we have

’ 2 2| |a2—b2|
1t =1
1F 0 ande AF

Without loss of generality assume that a > b > ¢. We find then that tan ¢, =
tan ¢, + tan ¢..

tan ¢ =
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