J90. For a fixed positive integer n let a; = 928" 4 k, k=0,1,...,n. Prove that
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(a1 —ap) -+ (an — an—1) =

Proposed by Titu Andreescu, University of Texas at Dallas

First solution by Arkady Alt, San Jose, California, USA

—n —n Qk —n
Let a:= 22" then a2 = (22 ) =922 and, therefore,
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Thus, [Ti_; (ax —ar—1) = [[5—; a2 -
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Second solution by Brian Bradie, VA, USA
We start with a, = n + 2 and a1 = n — 1 + /2. Therefore

7 7
3+\/§_ an+an—1+2(n_1).

an—an_1:3—\/§:
Now,

(ar — ap_1)(ap + ap_1 — 2(k — 1)) = (22’“‘” +1- 22’“‘1‘") (22’“” +1+ 22’“‘1‘”)

2k+17n 2]5:771
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= agy1 + ai — 2k,
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2k+1—n

SO
ah— ap | = agy1 + ap — 2k '
ap+ak_1—2(k—1)
Thus,
(an1 — an2)(an — an_1) = 7  antan-1+ 2(n—1)
ap+an—1+2(n—1) ap_1+apn_2+2(n—2)
7

ap—1+ an—2+2(n—2)
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