J74. A triangle has altitudes hg, hy, he and inradius r. Prove that

3<ha—2r hy — 2r hc—2r<3
5= he+2r hy+2r he+2r 2

Proposed by Oleh Faynshteyn, Leipzig, Germany

First solution by Arkady Alt, San Jose, California, USA

Let s be the semiperimeter in our triangle. Since 2rs = ah, then 2—2 = 2 and

cyc c
Thus
3 hg — 2r 1 1
- < — 9<5 = . ,
57 hq + 21 - st+a Z(s—l—a) Zs+a
cyc cyc cyc cyc

where the latter inequality is an application of the Cauchy Inequality to triples

1 1 1
<\/s+a’\/s+b’\/s+c>’<\/s+a’\/s—i—b’\/s-l-c)'

hy — 2 3 hg —2
Instead of proving that chc h—-i-QZ < 5 we prove that chc ho + 2: <L
a a

Let x =s—a,y=s—b,z=s—c¢, x,y,2 > 0. Due to homogeneity we can
assume that s=zrz+y+2=1,thena=1—2,b=1—y,c=1— 2. Thus,

hg — 27 s—a
<l < 1
Czy;ha—FQr Zs+a<

cyc

— stia<2

— 221x<2
cyc

= > 2-y2-2)<22-12)2-y) (2-2).
cyc

The last expression is equivalent to

D (A-2(y+2)+y2) <2@—4(z+y+2)+2(xy+yz+23) —ayz),

cyc

8+trxy+yz+zae < 8+4(xy+yz+ 22)—2xyz < 2zyz < 3(vy+yz+z21),
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and the latter inequality holds since

3(xy+yz+zx) =3 +y+2) (zy + yz + zx) > 2Tzyz > 2zy2.

Second solution by G.R.A.20 Math Problems Group, Roma, Italy

We know that
2A = hga = hyb = hec = sr

where s is the semiperimeter and A is the area of the triangle. By replacing
ha, hp, he, 7 in the original equation we obtain
3 s—a s—b s—c

3
— < < =
5_s+a+s+b+s+c 2

that is 5 5
£ < : + Y + ° <3z
5 z+2y+2z y+2z2+2z z42x+4+2y 2

where x = s—a, y = s—b, z = s—c are non-negative (and not all zero otherwise
the triangle becomes a point).

The inequality on the left is equivalent to

22w2y+22myz§42m3

sym sym sym

which holds by Muirhead’s inequality (the equality holds when z = y = z, that
is when the triangle is equilateral).
The inequality on the right is equivalent to
0<4Zx3+522x2y+192xyz
sym sym sym

which holds because x, y and z are non-negative and not all zero.

Third solution by Salem Malikic, Sarajevo, Bosnia and Herzegovina

Let P denote the area of a triangle. Then

8P 4

hg —2r B r ___atbtc 4 atbtc _ 4 _ L
= =172, 1P~ I 2_ '
ha + 2r ha + 2r 2Py AP o+ o Batbe

Let us prove the right side of the inequality first.

hg — 27 4qa 3
ha+2r_3_z3a+b+c<§’
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