Junior problems

J265. Let a,b, ¢ be real numbers such that
5(a+b+c)—2(ab+bc+ ca) =9.
Prove that any two of the equalities
|3a — 4b| = |5¢ — 6], |3b — 4c| = |5a — 6], |3¢ — 4a| = |5b — 6]
imply the third.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Arkady Alt , San Jose ,California, USA

Since

(3a — 4b)? — (5¢ — 6) + (3b — 4¢)* — (5a — 6)? + (3¢ — 4a)* — (5b— 6)* =
=60(a+b+c)—24(ab+ac+bc) —108 =12(5(a+b+c) —2(ab+bc+ca) —9) =0

130 — 4b| = |5¢ — 6| { (3a — 4b)* = (5¢ — 6)?

then from any two equalities, let it be { 136 — 4¢| = |50 — 6| (36— 40)2 _ (5a— 6)2

immediately yields
(3¢ —4a)? — (50— 6)* = 0 <= |3c —4a| = |5b—6].

Also solved by Daniel Lasaosa, Universidad Publica de Navarra, Spain; Aaron Doman, Pleasant Hill,
CA, USA; David Stoner, South Aiken High School, Aiken, South Carolina, USA; Amedeo Squeglia, Uni-
versity of Padua, Italy; Muhammad Thorig; YoungSoo Kwon; Paolo Perfetti, Universita degli studi di Tor
Vergata Roma, Roma, Italy; Prithwijit De, HBCSE, Mumbai, India; Radouan Boukharfane, Polytechnique
de Montreal, Canada; Alessandro Ventullo, Milan, Italy; Polyahedra, Polk State College, FL, USA; Hoang
Nguyen Viet, Hanoi, Vietnam; SHS Problem Solving Group, Tashkent, Uzbekistan; AN-anduud Problem
Solving Group, Ulaanbaatar, Mongolia; Leonardo Boulay, Universita di Roma “Tor Vergata”, Roma, Italy.
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