Junior problems

J223. Let a and b be real numbers such that sin®a — % cosPa < b— ;11. Prove that
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Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Arkady Alt, San Jose, California, USA

Since
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it suffices to prove that
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Zsina—cosagsin a—gcos?’a—i-ﬁ <~ 4sina—12cosa—12sin3a+16cos3a§5.

But
9sina — 12cosa — 12sin®a + 16 cos®a = 3 (SSina — 4sin? a) +4 (4cos3a — 3cosa)
and this equals
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3sin3a +4cos3a =5 <sin3a 'z + cos3a - 5) =5sin(3a+ ¢) < 5,

where 4
cosp = —,sinp = —.
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(either that or simply by Cauchy Inequality write: 3sin3a + 4cos3a < v/32 +42 . v/sin?a + cos?a = 5).

Also solved by Albert Stadler, Switzerland; Alessandro Ventullo, Milan, Italy; AN-anduud Problem Solv-
ing Group, Ulaanbaatar, Mongolia; Florin Stanescu, Cioculescu Serban High School, Gaesti, Romania;
Daniel Lasaosa, Universidad Publica de Navarra, Spain; Paolo Perfetti, Dipartimento di Matematica, Uni-
versita degli studi di Tor Vergata Roma, Italy; Prithwijit De, Mumbai, India; Matteo Elia, Universita di
Roma “Tor Vergata”, Roma, Italy.
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