J183. Let x,y, z be real numbers. Prove that

(2 + 2+ 22 dayz(e +y +2) > S(vy +yz + 22) + (22 + y?22 4 2%2?).

[SVI )

Proposed by Neculai Stanciu, George Emil Palade, Buzau, Romania

First solution by Arkady Alt, San Jose, California, USA

The original inequality will follow from the following sharper inequality

(z® +y* + 22)2 +ayz(z+y+2) — (2% + y?2? + 2%?) > (vy +yz + 22)”. (1)

Indeed, for any real u, v, w we have

u? + 0 +w? > uw+ow +wu = (u+v+w)? >3 (uw + vw + wu)

= (u—0v)+ @w-w)+ (w—u)?>0.
Then )
(2 +y* + 2%)7 > 3 (2%y? + 2% + 2%2?)
and
22 42 2t >y (e 4y + 7).
Therefore,

2
(:1:2 + 942 + zz) +ayz(x+y+2)— (aczy2 + %22 + zza:Q) > 2 (aczy2 + 9222 + zza:Q) +ayz(r+y+2)
> a2y? 49222 4 222 4 2ayz (x oy + 2)
2
= (xy +yz + 22)* > 5(:5y+yz+za:)2.

Remark. Equality in (1) occurs if and only if 2z = y = 2z and in original inequality equality occurs if
and only if t =y =2=0.

Second solution by G. C. Greubel, Newport News, VA

By expanding the terms (22 + y2 + 22)2 and (zy + yz + z2)? and equating the terms on both sides leads
to

1 1
ot 4yttt §(m2y2 + 22+ 2% — gwyz(az +y+2z)>0.

By the AM-GM inequality we have
22 + 222+ 2% > ayz(e oy + 2).

Hence it is enough to prove that
eyt 2t >0

which is obvious. Equality occurs if and onyl if xt =y = 2 = 0.

Also solved by Daniel Campos Salas, Costa Rica; Daniel Lasaosa, Universidad Publica de Navarra,
Spain; Robert Bosch Cabrera, USA; Gabriel Alezander Chicas Reyes, El Salvador; Perfetti Paolo, Di-
partimento di Matematica, Universita degli studi di Tor Vergata Roma, Italy.
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