J178. Find the sequences of integers (ay)n>0 and (by)n>0 such that

1+V5

(2+V5)" =ay, + by 5

for each n > 0.

Proposed by Dorin Andrica, Babes-Bolyai University, Cluj-Napoca, Romania

First solution by Arkady Alt, San Jose, California, USA

Let
(2+V5)" + (2~ V5)"
2

_(2+vE) - (2-V5)"
an = /5

for n = 1,2,.... Then (2+ \/5)n = pn 4+ g5, mn = 0,1,2,... and both obtained sequences
satisfy the same recurrence

Pn =

and

Tnt1 = 42y + xp—1,m €N (1)

with initial conditions po = 1,p1 = 2,q0 = 0,q1 = 1. It is clear that (pn), > and (qn),>, are
sequences of nonnegative integers and since

1++v5 b b
b
an+_n:pn
— 2
bn
Q—Qn
Gp = Pn — Qqn
<=>{ by = 20, ,neNU{0}

we have that (ay),,~, and (b,),~, are sequences of integers and can be defined independently
by recurrence (1) with initial conditions ag = 1,a1 = 1,by = 0, b1 = 2. In explicit form

2+v5)"-(2-v5)" _ (5-1)@+vH)"+ (Vi+1) (2-VE)"

n — \/S y “n 2\/5

Second solution by Daniel Lasaosa, Universidad Publica de Navarra, Spain

Using Newton’s binomial formula, exchanging v/5 by —v/5 in the first term results in exchanging
V5 by —/5 in the second term, i.c., (2+4+v/5)"+(2—v5)" = 2a,+b, and (2+/5)"—(2—/5)" =
V/5by,, yielding

_ 2+ - (2-VE)" o — (Vo-1D)@2+v5)" + (vV6+1)(2 - V)"

bn 9 n
V5 2v/5
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