J165. Find all triples (z,vy, z) of integers satisfying the system of equations

{(x2+1)(y2+1>+§:2010

(x4 y)(ry — 1) + 14z = 1985.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Arkady Alt, San Jose, California, USA
2
Note that z = 10k for some integer k because i—o = 2010 — (372 + 1) (y2 + 1) is an integer. Let
p=xz+y and ¢ =zy — 1. Then
(@ +1) (P +1) =2®? +2? + P + 1= (ay - 1)’ + (2 +9)° =" +¢°
and the system becomes

P+ ¢® + 10k = 2010 p? + ¢2 = 2010 — 10k2 )
pq + 140k = 1985 pq = 1985 — 140k

Since (p — ¢)* = 2010 — 10k — 2(1985 — 140k) = —10 (k — 14)? then only k = 14 can provide

2 2 _
solvability to (1). And for k = 14, (1) becomes { P +¢* =50

pq = 25 < p=q=>.

zy =4 y=1 y=4

integer solutions of the original system in integers.

Hence, { THy=5 — { v=4 or { r=1 and triples (5,1, 140),(1,5,140) are all

Also solved by Daniel Lasaosa, Universidad Publica de Navarra, Spain; Piriyathumwong P.,
Bangkok, Thailand.
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