4857. Proposed by Toyesh Prakash Sharma.
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Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 7 Show that
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a’b’ + b + Ca® >

We received 18 submissions, all correct and complete. We present two solutions,
slightly altered by the editor.

Solution 1, by Arkady Alt.

QB+ B + cCat > 3Ya b e e = 3 (a"ber)?”.
Also, by the weighted AM-GM inequality

1 1 a+b+c
1 1\% /1 b 1\¢ a—+b—+c— 3 a+b+c
e OO () ()
atbbee a b c - a+b+c a+b+c !
which is equivalent to each of:
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Hence,
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a®t? + b + Cat > 3 (a“‘bbc‘)Q/3 > 3

Solution 2, by Michel Bataille.

The functions f(x) = xInz and g(x) = 2 are convex on (0, oc) (since f/(z) = 1

and ¢"(z) = (2 + (1 4+ Inz)?) & arc positive on (0,0c)). We deduce that
G — OB 5 2@/ _ (g((a + b)/2))?
and therefore
a®” + 6% + c“a® > (g((a +0)/2))* + (9((b + ¢)/2))* + (9((c + @) /2))%.

Now, using the fact that the function & — z? is increasing and convex on (0, oc)
and the convexity of g, we obtain
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Editor’s Comment. Most solutions did not mention that equality occurs only when
a=b=c.
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