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INTRODUCTION

One of the ways to equivalently transform recurrence x,+1 = f (z,),n € N is
simultaneous transformation, namely if h : R — R is one-to-one
correspondence, then the substitution x,, = h (¢,),n € N leads to

h(tni1) = f(h(tn) <> toy1 = (h o foh)(t,).
In a very particular case, we may take h (t) := kt or h(t) := kt + 1, where
k and [ are some real numbers. It is convenient to represent a simultaneous
transformation by applying it to an equation of the form y = f (x) .Using the
substitution = := h (u) and y := h (v) we can transform the equation
y = f(x)intov=h"'o foh(u) and then attempt to find such a function h,
chosen from a given class of functions, which yields a more convenient form
of the transformed equation.

In this article we will consider applications of this idea to recurrence

ZTnt1 = f(x,), where f be a Mobius function (fraction-linear function),

b
namely f(z) = a:z:i y with goal to find for recurrence
cx

ar, +b
X =
. cry, +d
simplest equivalent representation convenient for finding closed-form
. b . ) i ar +b .
solution. Let F = (¢ be matrix associated with f (x) = —— , which
c d cx +d

we call matrix of the f.It is easy to see that the matrix H corresponding to
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the composition h = f o g of two Moebius functions f and g is equal to the
product of their matrices F' and G,that is H = F' - G. Since a linear function
[ (x) = kx + 1 can be regarded as a special case of a Mébius function, namely

kx +1
l(x) = Ojil’ its matrix representation is L = (lg i) .
b
1. Transformation y = ar + to the form. v =p — LY
cr+d U
b
Starting with y = ar + we have
cx +
ar +b (a+d) (cx +d) — (ad — be)
v+ “ +d + cr+d
Now, denoting v := cy + d and v := cx + d, we obtain
dyv—(ad —b d d
= (at+d)v—(a ) and moreoverng——, y:g——.Hence, by
v c c
using the simultaneous linear transformation z =1 (u) and y = [ (v), where
1 d . ar + b .
l(t):==-t+ | ——), we can reduce equation y = to the special
c c cr +d

formv=p— g, where p = a + d, ¢ = ad — be. In the matrix form
u

(p —q> = L 'FL where p=a+d, q=ad— b,

1 0
1 d
. — —— - a b -1 _ C d
L_<8 lc>,F—<C d) and L —<0 1)
APPLICATION

For f(u) =p— 4 the recurrence Unt1 = [ (up)
U

n
becomes U, 11 =p — i,n € N.Then denoting t, := [] ug,n € N and
u

n k=1
t
to := 1 we obtain u,, = ——,n € N and, therefore,
n—1
t tp—
Un1 =p— - = oy g L
Up, tn 7%

tnt1 — Ptn + qtn_1 = 0,n € N,wherety = 1,11 = u;. (1)
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Here possible 3 cases:

a) If p? > 4q then characteristic quadratic equation have two distinct
solution k1, ks and we have ¢,, = c1k]" 4 caky,n € N. Thus,

1 1
. Clk?+ + Cgk;H—

= e N.
" Clk‘? + Cgkﬁg "

Constants c¢q, co can be obtained from tg =1 <= ¢1 + ¢ =1 and
c1k1 + eoko = t1 = x1.

2
b) If p? =4q then u, 1 =p — p—, n € N and after replacing p with 2p this

4uy,
recurrence becomes
p2 b (un - p)
Upp1 =2p— — = Upy1 —p=—= <= (Upy1/p) — 1=
Unp Unp
(un/p) — 1 tn
=——_t =t = ——— where t,, := (u —1.
(u”/p) n+1 tn + 1 n ( n/p)
Since
t 1 1 1
b1 = —— < ——+1,neN & — =
tn + 1 tn+1 tn tn
1
=n+c = t, = ,neN
n—+c
Up, 1 D
then — — 1 = < u, = p+ ———,where constant c can be
D n-+c n-+c

. p
bt d f = .
obtained from u; = p + T+e

c) If p? < 4q then characteristic quadratic equation for recurrence (1) have
no real solution. In this case denoting ¢ := arccos 2L we obtain
q
p = 2,/qcos p.
Then recurrence (1) becomes

tnr1 — 2y/qcos oty +qtp—1 =0 =

t t tn—
= n—Jran—Zcosgo- - nl
(va)




1392 Arkady Alt

neEN < sp11—2cosp-sp+ Sp—1 =0

where
Sp = tn_ n € NU{0}.
v
Since sequences (cosngp) , (sinng) both be linearly independent solutions of
the recurrence s, 11 — 2cos ¢ - sp, + sp—1 = 0 then any solution s, of this
recurrence can be represented as linear combination of (cosng) and
(sinny), that is

t
Sp = C1COSTp+ cosinng <= —nn =ci1cosny + casinny <
(va)
tn = (V@)" (c1cosng +casinng),n € NU{0}.
Therefore,

creos(n+1)p+cosin(n+1) ¢
€1 COS N + ¢ sinny

, n €N,

Up =/q

where values of constants ci, co can be determined from initial conditions

Uup, U1 .
. x+0b
2. Transformation y = to the form v = pu +gq.
cr+d
axr+b ) .
Let f(z) = p For certain values of the parameters a, b, ¢, d,there exists
cx

a simultaneous Mobius transformation that reduces the equation

y = f(x) to a linear one. We will look for such a function of the form
h(z) tr+1
xTr) =

the transformed function satisfies

, where ¢ is an undetermined parameter to be chosen so that

h(v)=f(h(u)) < v=h"tofoh(u) <= v=pu+tq
for some numbers p, q.

The matrix corresponding to h is H = <i é) . Then H™ ' = <? —1t> and

G2)E D0 =Gl o f) ()

ct+d c
at —ct>? +b—dt a—ct
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We require that the lower-left entry be zero to make the transformation
linear; hence:

at —ct’ +b—dt =0 < ct* —t(a—d) —b=0.

The discriminant is

D = (a—d)® + 4bc = (a4 d)*> — 4 (ad — bc) .

Thus, a real t exists whenever D > 0. For such a t we obtain

-1 o ct+d C
HIFH = ( 0 a— ct)
. . . ct+d c
which corresponds to the linear function v = u+ .
a—ct a—ct
Since
Dom(h) =R\ {0}, Dom(h™1) = R\ {t}
and
Dom (f) =R\ _gl Dom(ffl):R\{g}
cl’ c

then equivalency
y=f(z) < v=hlofoh(u)

a d
holds for y ¢ {E’t}’ x ¢ {_Z’U} s u, v #£ 0.
Finally, the system
ct?—t(a—d)—b=0
{ a—ct=0

has no solution because ad — bc # 0. Therefore a — ¢t # 0 for ¢ satisfying to
equation

ct* —t(a—d) —b=0.

b
Thus, the M&bius transformation y = a:v——li_—
cx

can be reduced to a linear

form v = pu + ¢ if and only if

(a+d)* >4(ad — be).
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b _
i to the formv:pu q

3. Transformation y = .
cr +d P+ ug

When D = (a +d)? —4(ad — bc) <0 => ¢ # 0 the situation becomes more
complicated. In this case, there is no simultaneous Md&bius transformation
that can reduce the equation y = f (x) to a linear form. However, it is still
possible to achieve a simplification by using a composition of a linear
function and the tangent function. Indeed, let us first attempt to use a linear
function [ (x) =tz + s to reduce equation y = f (x) to the form

pu—gq
v =

n ,where p and ¢ are real parameters to be determined.
pTuq

By applying the simultaneous linear transformation
y=1(w),z=1(u), where [ (0) = t0 + s to the equation

b
y=f(z)= ij—_d’ we obtain

a(tu+s)+b u(at — sct) + b+ as — cs® — ds
tv+s=——-—""— v =
c(tu+s)+d t2eu+ (cs+d)t
To simplify this expression into the form v = pu+— : we must ensure that the
pTuq
coefficients satisfy the system
at — sct = (cs +d) t PN . Z;SZG_%
b+ as —cs® —ds = —ct? €eras—as = ¢2
c
a—d a—d
T T2 o= 2c
tQZCSZ—S(a—d)—b = 752:_(a—d)2—|—4bc:_£
é 42 4c?
—d -D
Hence, for s = and t = —— we obtain
t(a+d) 5 a+d +—-D
u-—— —ct u - -
t2eu + 2% v-D  atd
2 2 2
a+d 1
u . —_—
_u-(a+d)—-v-D = -D
V=D -u+ (a+d) at+d
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a+d
-1

u .
_ V=D Now, let

So, v = T d

+
YT =D

d
v:=cot™ (v),p:=cot™! (u) anda := cot™" (C\L/i__D)
Then
cot - atd —1
_ v-D
cotv = o d =cot (¢ + ),

cot p +
v /=D

which implies v = ¢ + a, (if ¢ + a € (0,7)).

4.Application for Moebius recurrence.
Consider the Mo6bius recurrence

ary, +b
Tpyl = cx,jﬁ’ withad — be # 0.

We distinguish two cases according to the discriminant

D = (a+d)*—4(ad— be)

Case 1. D > 0.
Then there exists a real ¢ satisfying ct? —t (a — d) — b = 0 and for such ¢ let

1

Uy, 1=
T, —1

1
Then by substituting x,, =t + — into the recurrence
n

axy, +b
€T =
ntl cry, +d

we obtain linear recurrence

t4d
e+ —_ neNu{0)

Unpt+1 — u
i a—ct ' a—ct
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Case 2. D <0.
—d v—D v—D —d
Let s := aQ—, t:= and define z,, := tn 2c+ a .
c c
Then substitution yields the recurrence
a+d 1
u . —_—
" V=D
Unt1 = a+d
Up, +
" V=D

d
Let o := cot™! <a +

L0 := cot ™! (ug) . Then u, = cot (ny + ) and
)
hence

V- —d
Dcot(na2+g00)+a neNU{O}.
c

T =

REFERENCE

[1] Octogon Mathematical Magazine (1993-2025)

E-mail: arkady.alt@gmail.com



