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Rationalization of Fundamental Geometric
Inequality and its application
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Dedicated to Themistocles M. Rassias on the occasion of his 75
Birthday

Fundamental Geometric Inequality (Blundon’s inequality)

2R* + 10Rr — 1> —2(R—2r)\/R(R —2r) <

< 5? <2R* 4+ 10Rr —r? —2(R —2r) /R (R — 2r) (FGI)

is a necessary and sufficient condition for three positive real numbers

s, R and r to be, respectively, a semiperimeter, a circumradius and an
inradius of a triangle. But application of this inequality often becomes
difficult due to the presence of quadratic irrationality, and so often proofs of
geometric inequalities related to triangle instead often make use of
Gerretsen’s inequality

16Rr — 512 < 52 < 4R? + 4Rr + 3r? (Gr)

However, the use of inequality (Gr) sometimes gives undesired results, since
it only provides a necessary condition. For example, this becomes clearly
visible when considering an attempt to solve the following problem [ref 1]
with an application of Gerretsen’s inequality:

Let a,b, ¢ be side-lengths of a triangle and let S be its area. Let R and r be
the circumradius and the inradius of the triangle, respectively. Prove that

1
cot? A + cot? B + cot> C > 3(31—52‘%>

An attempt to solve this problem with Gerretsen’s inquality looks as below:
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Since* )
2 2
9 4 (3 —rs— 4Rr)
Z cot” A = 45272 B
cyc
and )
(82 —r2_ 4R7°)
4522
is increasing in s because
2 2
r°+ 4Rr
(52—7'2—4Rr)2 B 5 s
4522 o 4r2

then using Gerretsen’s inequality 16Rr — 5r2 < s? we obtain

(32 —r2 4Rr)2 - (16R7“ — 52 2 4RT)2 _9(2R— 7’)2

45272 = 4 (16Rr — 5r2) 12 ~ r 16R—5r
9 (2R — 1)
Thus it seem as if the expression —% — 2 can potentially be used for
r —br
completing the proof as the rational R,r-minorant for > cot? A. But
cyc

unfortunately, the difference

9 (2R —r)? 5 1 (31 . T > ~ 2(R—2r) (90R? — 238Rr + 65r?)
r 16R — 5r 5 R/ 5Rr (16R — 5r)

isn’t is not positive for any R > 2r (Euler’s inequality). Since

90 - (2r)? — 238 (2r) - r 4 65r2 = —51r2 < 0

then for R > 2r and close enough to 2r, 90R? — 238Rr + 652 will be less
than 0, and therefore for such R

2(R —2r) (90R? — 238Rr + 65r?) o0
5Rr (16R — 5r)

Hence the chosen minorant is not good enough.

_ 9(2R—r)?
Remark 1. USlng ;m

3" cot? A we can prove inequality (2)

cyc

— 2 as the rational R, r-minorant for
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1
cot? A + cot? B + cot®> C > g (49 - 80%) (2)

which is weaker than inequality of the problem because

é(31—52-1)—1(49—801)=M>0

R 9 R 45R -
Indeed,
9 (2R —r)? 1 N\ 4(81R —25r) (R — 2r)
—7—2——(49—80—): >0
r 16R — br 9 R 9Rr (16R — 5r) -
Remark 2. Even using inequality [ref 2]
2(R - 16R? — 20Rr + 3r?
2> 168 52 TR 7 Tt )
R—7r R—7r
can’t help in proof of inequality of the problem. Indeed,
2 2 2
2 4 (s —re— 4R7’)
Zcot A= 1552 -2
cyc
2(R—2 2
<16Rr —5r2 4 % — 2 4Rr>
> 2 =
4 <16RT gz LAV AT (7 T)> r2
R—r
~ (12R* - 17Rr +4r%)°
~ 4r (R —7) (16R% — 20Rr + 312)
But unfortunately, the difference
(12R2 —17Rr + 472)° , 1 (31 . r> B
4r (R —7) (16R2 — 20R7r + 312) 5 R/
1 (R —2r) T20R* + 4709R?*r? — 2522Rr3 — 3224R3r + 312r*
=—(R—-2r
20 Rr (R —r) (16R? — 20Rr + 3r2)

isn’t is not positive for any R > 2r (Euler’s inequality). Since

720 - (2r)* + 4709 (2r) r? — 2522 (2r) r® — 3224 (2r)% r + 312r* = —168/*
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is negative then for R > 2r and close enough to 2r,
T20R* + 4T09R?r? — 2522Rr® — 3224 R%r + 3121

will be less than 0, and therefore for such R

1 (R —2r) T20R* 4+ 4709 R2r2 — 2522 Rr3 — 3224 R3r + 312r% o
= —2r
20 Rr (R —r)(16R? — 20Rr + 3r2)

That is inequality

2(p_
16Rr 52 1 T2
R—nr

which is sharper than s? < 4R? + 4Rr + 72 is also not good enough.

First rationalization of (FGI)

2
Coming back to (FGI) we denote A := /1 — Ejﬂ Then

(1-X)R

Ae 0,1 =
efo.1), ="y

R—2r =)2R and

2R* + 10Rr — 1 —2(R—2r)\/R(R —2r) =

2
o+ op. L=N)E <(1—)\2)R> oo BNy
2 2 1

2R* 4+ 10Rr — 1 +2(R—2r)\/R(R—2r) =

2
0?4 10p. LN E <(1—>\2)R> oy~ O+ DB
2 2 4

and we obtain

R2(1-XA)(A+3)? e REA+1)(3-))?
4 =7 = 4

(RFGI)
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(Rationalized FGI).
Using inequality
201 _ 3
R (1 )\4)()\4-3) <

we can complete the solution of the problem. We have

(52 —r2_ 4Rr)2
Z cot’ A = 12,2 =

cyc

o 2 2

NEn)

(52_ R2(1-2) (9—)\2)>2

4
= >
s2 (1 — \2)? R2 -

<R2(1—)\)(>\+3)3 CR2(1-0) (9—)\2)>2

1 1
= RZ(1-N(A+3)° -
( - 4)( +3) (17)\2)2}32

(A2 + 21 +3)°
T A=NA+3)(A+1)?

Hence,

(52 —r2_ 4RT)2 5 1
4522 %5

(31-52%) >

(A+2)+3)°
TA=-NAF3)A+1)?

2—%(31—2@(1—%)):

2N (13X 4 5207 43607 — 120 + 1)
B 5(A+3)(1=A) (A +1)?
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because
130 4+ 5203 4+ 3602 — 120+ 1 = 130 + 5203 + (6A —1)* > 0

Second rationalization of (FGI).
1 2

2
Let p:= /R (R —2r). Then0§p<R,r—§(R—%),R—?r—% and

1 2\ 1 2\ 2
s* 2 2R*+10R - 5 <R%>— <RJ)—> —2.

_(R=p)(3R+p)°
P= AR

o=

1 PP\ 1 AN (R+p) BR—p)’
2 <9R?2 4L 10R- = _ ) _z = 0., —
s? <2R*+10R -5 (R - & R +2: % s

So, if instead r we will use p = \/R (R — 2r) then (FGI) becomes rational,

namely

(R—p) (3R +p)* (R+p) (3R - p)°
4R? 4R?
As one more application of (RFGI) we will prove the following
inequality:

<s?<

(RFGI2)

2 2
2 < (2R + 1) (10R* + 5Rr + 4r?) 3)
- 5R

using (RFGI) because unfortunately, Gerretsen’s inequality

s> < AR% + 4Rr + r?

can’t help to prove it.

(1-X)R

Proof of (3). Since r = 5

then

2 o (R+7) (10R? + 4r? + 5Rr)

- oR

<2R+—(1_;2)R> 10R2+4<(1_;2)R>2+5R.7(1_A2)R

2

5R
R? (5 =A%) (2X* — 922 + 27)
20
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REA+1)(3-))?
4
R?(5-)22) (2M* —9x2 +27) -

— S

20 -

and using s? < (RFGI) we obtain

LR (-0 (2 -9+ 27) REOA+1)(3-N°
- 20 4 B

1
= ERW (9-22-X)(A—=1)°>0

Or, using right hand side of (RFGI2), namely inequality
\3
(R + plgf ) : Since r = R
(2R+7) (10R? +41° + 5Rr)
5R

R? — p? ) R? — p? 2 R? — p?
<2R+ R ><1OR +4< 5 >+5R- ¥

2 2

2 < then

oR

(5R? — p?) (27R* + 2p* — 9R?p?)
20R1

and, we obtain

(5R? — p?) (27TR* + 2p* — 9R?p?)

— S

20R4 =
(R - p%) (2TR* + 20" —9R*0")  (R+p) BR—p)* _
= 20R4 AR?
_ PR = = 2Rp) (R—p)
N 10R4 -
2R 10R? + 5Rr + 412
Remark. Inequality s < @R +7) ( 3 R+ T ) is sharper than

s < 4R? 4+ ARr + 3r?

because

2 2 2 _
ARE 4 ARy 4 3% (2R + ) (101':;};r SRr+4r?) _ 2r (§R 2r) >0
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* We have

R OO I e

cyc cyc cyc

abe abe

B (ab+bc+ca>2_ 2(a+b+c)

<32+4Rr+r2>2 4s <32+4Rr+r2>2 1

4Rrs " 4Rrs 4Rrs Rr
and then
Z 1 i 52 + 4RT + T2 2 1 —s
4R2sin? A 4Rrs Rr
cyc
1 (32 +4Rr + r2)2 4R
= . - — =
Z sin? A 4r2s2 r
cyc
2 2\2
+ 4Rr + 4R
Z(l—l—cotQA):(S 2T2 r) - =
4r-s r
cyc
2 212
9 7(5 —|—4Rr+7“) 4R7
<:>Zcot A= 1252 —3_7_
cyc
(52 + 4Rr + 7"2)2 1 4R B (52 —r2_ 4Rr)2
4r2s2 r N 45272
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