An independent parametrization of an acute triangle and its
applications

Arkady Alt, San Jose, California, USA

Let us start with a problem that was proposed at the 40" IMO Vietnam Team
Selection Test, 2001 (Problem 1, day 2).

P1. Let a,b,¢ > 0 and p,q,r > 0. Determine the minimum value of P + q + f,
xr Yy oz

where x,y, z are positive real numbers such that ayz + bzzx + czy < d. (In the
original problem p=1,q=2,r =3,a=2,b=8,c=21,d = 12).

In what follows we will prove that any three positive numbers can be considered
as distances from the circumcenter of an acute triangle to its sides (exact trilinear
coordinates of the circumcenter). They will be defined in a certain way as shown
in part i. of Theorem 1 below. In addition, we will show that this triangle has a
distinct feature described in part ii. of Theorem 1 and can be written as inequality

(5).

Theorem 1. Let k,l and m be positive real numbers, then

i. There is a unique acute triangle for which these numbers are the distances from
its circumcenter to its sides and the sidelengths of the triangle are

a=2VR2—k2b=2R2—12c=2VR%2—m?

where R (circumradius) is the only positive root of the cubic equation
3 —t (K + 1 + m®) — 2klm = 0;
1. The area, F, of this triangle is

min - (K*tan o + 1% tan 8 4+ m? tan~y) where, a + 4+ v = .

oane(o})

Proof. 1. Necessity. Let ABC be an acute triangle and let k, [, m be the distances
from its circumcenter O to the sides BC,CA, AB, respectively. Let R be the
circumradius of ABC. Because OA = OB = OC = R and ZBOC = 2A,
/COA =2B,/A0B = 2C, we have

k l

— =cos A

7 ,EZCOSB,%:COSC.
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Using the identity cos? a 4 cos? 3 4 cos? vy + 2 cos accos 3 cosy = 1, which holds
for any «a, 8,7 > 0 with a + 8 + v = 7, we obtain

k2 12 m2  2kim

mrmt =1

R

or equivalently
R® — R (K + > +m?) — 2klm = 0. (1)

Note that R is the only positive root of the cubic equation (1)
£ —t (K*+1* +m?) — 2kim = 0

2klm k2 + 12 4+ m?
B 2

because the function ¢ (t) = 1 is increasing on the

interval (0, 00).

Sufficiency. Let k, [, m be positive real numbers and consider the cubic equation

(1). Note that
© (\/k2+l2+m2> <0 as tlim e(t)=1
—00

and ¢ (t) is increasing on the interval (0,00). Hence equation (1) has a single

positive real root on (\/ k2 + 12 + m?2, oo) , which we denote by R. Because

k2 12 m2  2kim

3 2, 12 2 _ _
k1
and 7R % < 1 for angles
a1 = cos™ ! <2> ,B1 = cos™? (;) ,y1 =cos (%)
we have
cos? ag + cos? By + cos? Y1 4+ 2cosaq cosfBrcosy =1 (2)

and «ag,081,71 € (O, g) . It follows that a1 + 1 + 71 = 7. Indeed, since

cos? a1 + cos? 1 + cos? 1 + 2cos ay cos 1 cosy, — 1
cos 2a + cos 231
2

= cos? 1 + cos (o 4 B1) cos (g — 1)

+ cosyp cos (o + f1) + cosyi cos (o — B)

= (cosy1 + cos (a1 + 1)) (cosy1 + cos (a1 — B1))
— dcospcos o — an) cos (i — Br) cos ( — 1)

= cos? v + + cos 1 (cos (a1 + (1) + cos (a1 — (1))
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o+ fi4+m
2
Then equation (2) is equivalent to

T 3T
where ¢ = andcp—ozl,cp—ﬂl,cp—'yle(—4,2>,g0€(0,4>.

cospcos (¢ —ar)cos(p — fr)cos(p—71) =0 < cosp =0 wzg

Thus we can conclude that R and a1, 31, 71 determine an acute triangle ABC with
sides

BC =2Rsina; =2V R?2 — k2
CA=2Rsinf}; =2V R2 — |2
AB = 2Rsiny; = 2/ R? — m?

and circumradius R such that

Rcosa; =k
Rcos1 =1

Rcosyi =m
are distances from the circumcenter to the sides BC,C A, and AB, respectively.

ii. First, we will prove that for any o, 3 € (O, g) the following inequality holds

2kl
k? tan o + 12 tan 8 > —

St (k* + %) cot (a + B) (3).

Because cos a, cos 3, sin (a + () > 0, we obtain

2kl
(3) = k* (tana + cot (a + B8)) + 1* (tan B + cot (a + f)) > sin (@ + B)
k2 cos 3 I?cosa S 2kl
cosasin(a+ )  cosfsin(a+3) ~ sin(a+ f5)
— (kcosf —lcosa)? > 0.
. k l T
Equality occurs when = . Let a, 3,7 € (0, —) and o+ S+ v =
COos & cos 2
7 then using inequality (3) we obtain
k? tan o + 1* tan 3 + m? tany > M (k* +12) cot (a + B) +m?* tany
~ sin(a+ B)
=h(v),
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2kl
where h (y) = Sy + (k* 4 %) coty + m? tan~y. Because cos 3 = — cos (o + A),

then the equality in the above inequality can be written as

oy
o~

= <= kcosf =lcosa
cosa  cosf3
<= k(—cosAcosa+sinysina) =l cosa
<= —kcosy+ ktanasiny =1
<+ ktana = ——+ kcoty
siny
12 + k2 4 2kl
— k’tan’a = + .+2 COSV—kz
sin® ~y
k? 12 4+ k? + 2kl cos~y
= —— = — .
cos? sin” ~y

k l 12 4+ k2 + 2kl
Thus the equality case is = = \/ + ,+ COS’Y.
cosa  cosf3 sin -y

Now we will find the minimum of & (y) on the interval (0, g) . We have

, 2klcosy  k?+1? m? coS 7y m
h (’7) =T .22 ) + SOV ) - P ’
sin” y sin“y  cos?y  msin®y cos 7y
where P (t) = t* — ¢ (k* + [ + m?®) — 2klm. Equation P (z) = 0 has a single
positive root ¢ = R. Furthermore,

P(t)<0 < ¢(t)<¢(R)=0forte (0,R)
and
P(t)>0 < ¢(t) >¢(R)=0forte (R,00)

hence the local minimum of A (), attained at v = ; = cos™! (%), is also a

global minimum. The lower bound of A (1) for k? tan a+1? tan f+m? tan~y, can
be reached when both of the inequalities k2 tan a+1%tan 3+m?tany > h(y) >
h (71) are in fact equalities, i.e. if and only if

k1 P+ K2+ 2klcosy

cosa  cosf3 sin 7y . (4)
T=M
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Because
2kl
2+ k2 +2klcosy =12+ k> + =
R (12 + k2) + 2klm R3 — Rm?
R N R
= R%sin?y;

=R?>-—m?

V12 + k2 4 2kl cos

= R and, therefore,

9

sin yp
k I cos o = L
— - R J?i
(4) = cosa  cosf3 = cos = —
T=m R
Y=m

COS @ = COS (1
— cosf=cosf; <= a=a,0=01,7y=m"-
T=m
Thus
min{k%ana%—l%anﬂ—i—m%anw: 0<a,ﬂ,’y<g, a—l—ﬁ—k’yzw}
= k%2 tan oy + 2 tan 81 + m? tan 1,

a1 = cos ! E
e R

61 = cos ! (é)
= (3

where

R2 — k2
<— tana; = T
VRZ =2
tanﬂl = f
R2 — 2
tany; = ——,
m

and R is the single positive root of equation 3 — ¢ (k:2 +1%+ m2) — 2kim = 0.
Because

k2 tanaq + (2 tan B + m2tany; = kv R2 — k2 + 1V R2 — 12 + myV/ R2 — m?2
—F,
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where F' is the area of an acute triangle defined by circumradius R and distances
k,l,m from circumcenter to the sides,
min{sttana+l2tanﬁ+m2tanfy c0< o, 8,7 < g, a+ B+ :77} = F,
O
Remark 1. The result in part ii. of Theorem 1 can be represented in an
inequality as

k% tan o + I? tan 8 + m2 tany > kv/ R2 — k2 +1VR2 — 12 + mV/R2 — m2, (5)

where 0 < «, 3,7 < g, a+ B+ v = w. Equality occurs if and only if

VR2 k2 vV R2 2 vV R2 —m?2
tana:T, tanﬁ:f, tany = ——.
If we let u = cot a, v = cot 3, w = cot~y, then (5) becomes
K2 12 m?
;+;+;Zk\/RQ—k2+l\/R2—l2+mm, (6)

where u, v, w > 0 and wv + vw + wu = 1. Equality occurs if and only if

k l m
= Y,V = , W = .
VR2 — k2 VR2 _ 2 VR2 —m2

u

Remark 2. Let A (x,y,2) = 2zy + 2yz + 220 — 22 — 3? — 22. Because a =

2VR? — k?,b =2y/R? — I?,c = 2/ R? — m? and 16F? = A (a?,b%,¢?),
F?=23"(R* - &) (R* —m?) - Y (R* — ¥?)’

cyc cyc

= R? (K> + I + m?) + 6Rklm + A (K, 1*,m?)

and

F=kVvR2—k2+1v/R2— 12+ mVR2 —m?

= /R2 (k2 + 12 + m2) + 6Rklm + A (k2,12, m?).

Application 1. We will use the above theorem to solve problem P1. Note that the
T
minimum of £+ 2+ L cannot be attained at (z,y, z) for which ayz+bzx+cxy < d.
Ty z
d—czy
ay + bx
q T
+ =+ —, because z < z3.
y oz

Actually, if ayz + bzx + cxy < d then for z; =
PLa, T _P

x Yy 21z
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Thus min{p+q+r | x,y,z>0andayz—|—bzx—|—cxy§d}:

min

Letu—a;\/

7+ —l-f | wy,z>0andayz+bz:c+cxy—d}

,/—andw—zw Thena:—uwbd

= vy/ —, z = w\/ —b, where u, v, w are any positive real numbers. Then
ca a

a
ayz +bzx +cxy =d = gyz—i-

and
pLaLT_
T Yy =z

tain following equivalent representation of our problem: Find the min {

K2 12 m?

—+ —i——, where k? = p

d

Using part ii. of Theorem 1 we obtain

v

d

K2 12 m?
min{+ +— |u,v,w >0 and uwv+vw +wu =1
u w

= kVR2 — K2+ IVR2 — 2+ m\V/R? —m?,

where u; =

k

problem we have

. {p
min —
X

r
+g+— :
y oz

/7R2 — k27 U1

l

SvEe"

-

m
 VRZ 2

= kVR2 — K2+ 1VR? — 12+ mV/R? — m?,

where
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be
K =py/ —
p ad
ca
P=qy/—
N pa
o_ . Jab
me=r cd
p

Ir =

x,y,z >0 and ayz+bzx+cmy§d}:

k2
— 4+

U1

2
+

l2

U1

b
fzaH—E:):y:l = wtrwtwu=1

v

m2

w1

ch l2—q1/ \/ Thusweob—

+— | u,v,w >0 and uv -
w

Then for the initial

T

U1

.
P4 T

21



and R is a positive root of the cubic equation (1).

Application 2. Due to the well known duality orthocenter«circumcenter, Theo-
rem 1 can be represented in another equivalent form:

Theorem 2. Let k,I,m be arbitrary real positive numbers. Then

i. There is a unique acute triangle, for which these numbers are the distances from
its orthocenter to its verteces and its sidelengths are

a=\A4AR2 — k2,b=\/AR2 —[2,c = \/JAR2 — m2,

where R (circumradius) is the only positive root of a cubic equation

at° —t (K + 1 + m*) — klm = 0.
1. The following equality holds
: 2 2 2 T
mln{k‘ tana 4+ [“tan 8+ m“tany 1 o, 3,77 € <0,§) and o + B+ v :77} =4F,

where F' is area of this triangle.

Proof. Numbers k, [, m, the distances from the orthocenter H of triangle ABC to
its verteces, can at the same time be considered as distances from circumcenter
Oy = H of triangle A;B;C; = 2ABC. Thus if R, is a single positive root of t3 —
t (k:2 +12+ m2) —2klm =0 and

a1 = cos ! (k>
Ry
l
B = cos™! (Rl>
7= cos ! <]?1>

then for R = % we have

ay = cos ! ﬁ
1 2R
l
B1 = cos ! <2R>
— o1 (T
=08 (23)

and R is single positive root of equation

at* —t (K + 1> + m®) — klm = 0.
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Let A1 B1C1 be an acute triangle defined by angles a1, 31,71 and Ry as circumradius
and let a; = B1C1,b; = C1A1,¢1 = A1 B1. Then according to Theorem 1, we have

ar =24/ R? — k2, by = 24/ R? — [2,c; = 24/ R? — m?

and

min{k:Ztana+l2tanﬂ—l—m2tan7f0<a,ﬁ,7< g, a+ﬁ+7:77}

= [A1B1C4] = 4F,
. : . Ry .
where F' is area of triangle ABC determined by angles a1, 31,71 and R = o> with
b
sides a = % — VARZ 2. b= 51 — VAR? —Zc = %1 — VARZ —m2. N

[1] CRUX, Vol.30, Nol, February, 2004, p.17.
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