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z=y(ny+Inlny+o(Inlny))

we deduce
pn=n(lnn+Inlnn+o(lnlnn)) (*)
for n = 400
iln(pn) . 1
¢ — (nlnn)"'| < \/5———2— lpn — nlnn|
Pn n?ln“n

with (*) we get

in(pn) . Inl
e _ (n1nn)"! = Onosoo ( n nn)

Pn nln’n

< Inlnn etInlpn) i—1 . )
since ), -5 converge, > &, — and > (nlnn)”" are same nature.

n>0 n>0
With integral and series we have

n+1 n
/ (tlnt) ' dt = / (tlnt)"'dt + (nln n) '+ oy
2 2

with |v,| < E%{n_ﬁ’ then

Z (nlnn)~' = / (tlnt)' ' dt = Z Un,
n=2 9 n=2
has a finite limit when n — oco. This prove ) LI;(’)—M converge
n21 n

W26. (Solution by the proposer.) We constructing the perpendiculars
on MA, MB, MC in the points A, B,C. These perpendiculars meet in the
points A’, B, ", see the figure. In the same way, in the points A, B, C" we
construct the perpendiculars on M A', MB', MC’ which meet in A" B".C".
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We calculate the area of the triangle M A’'C” in two ways thus:

e BT

MA" - MC'-sin AMC' _MB-A'C" MB-MB"-sin A’MC’

2 2 2
So, we deduce
MA" - MC"
MB' = —— ——_
MB
Similarly, we obtain:
MB' - MC’ MA"-MB’
" _ ) "n_
MA™= "4 Me MC

From Erd6s-Mordell’s inequality applied in the triangle A” B”C” for the
point M, we have:

MA" + MB" + MC" > 2(MA' + MB' + MC")
SO

MB' - MC' N MA - MC' N MB' - MA
MA MB MC
Since MA" = 2R,, MB' = 2Ry, MC' = 2R,, it follows:

>2(MA + MB' + MC')

RbRc + R, Rc + RaRb
MA MB MC
Therefore, the inequality of the statement.

Second solution. We will use for the radii of circumecircle of
MBC,MCA, M AB another notation
Pas Pb, Pe and standard notation R,, Ry, R, for distances M A, MB, MC,

respectively.

Also denote via d,, dy, d, distances from M to BC,CA, AB.
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Thus, inequality to prove is

ady and

Since [BMC| =

1 2d,
4pe [BMC] = aRyR, <= 2pq - adq = aRyR, — — =
Pa RyR,.

Figure 1

Let us draw throughout vertexes A, B, C respectively three lines
perpendicularly to M A, M B, M C respectively. Three points of intersection
of these lines determine triangle A, B;C}

( AlBl_LMC, BlClLMA, ClAlJ_MB) with

dy, = Ry = MA,dy, := Ry = M B, d., := R. = MC as distances from M to
B1C1,C1 A1, A By respectively and with distances between M and vertexes
of AAlBlCl . Ra1 = MA1, Rbl — MBl,Rcl = MC’I( Pic.l).

Since Ry,, Ry,, Re, arc diameters of the circumcircles for quadrilaterals
MCAB, MAB,C, M BC A respectively, then, by Sine-Theorem, we have

“ T Gin/BMC  RpR.sin/BMC  ad,  dq
and similarly,
R.R, R, Ry
Ry, = R.. = .
b1 db y Ll¢q dc

Since
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2d 1
Z Rbgzc =2 Z Ra1

cyc cyce

and

1

1
then (1) < 2> <> —.
cyce Ra1 cyc dal
Thus, suffices to prove that in any triangle ABC with interior point M and
R, Ry, R, as distances from point M to vertices A, B, C respectively, and

da, dy, d. distances from M to BC,C A, AB holds inequality
) PN P 2)
Ry = <~ d,
cyc cyc

Lemma. Let P, and P, be involutions of P with respect to a and b
respectively (that is PP, L a, PPy L b, P,M - PM = P;N - PN = 1)

1
Then P,P, | PA and PE = A where F is intersection point of P, P, and
PA.
Proof.

g ’f«t:., .

Figure 2

Let P,E1 and PyE5 be perpendiculars from P, and P, to

A respectively (Eq, Ey € }’_1)4 ). Since /PP,E; = /PAM and
LPPyEy = ZPAN (as the angles which constructed by mutually
perpendicular sides) then we have APP,E; ~ APAM
and APP,Ey ~ APAN and from these similarity follows
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PE, PM PE, dq
_ @ _

1
<— PFE| = —

PP, PA 1 prA PA
da
and
PEs PN PE, d, 1
— = == "= — &> PEy—= —.
PP, PA 1 ~PaA 27 PA
dp

Hence, PE| = PFE, and E := E| = E5 is intersection point of P, P, with

1
PAandPE:R—A

Figure 3

<<
Let Ay, By, C} be involution points for M with respect to lines %, CA, j@
/ 1 | 1
respectively. Let R, = M A, = d—,Rb =MB; = R R,=MCy) = T and
a b c
d;, d;), d; be distances from M to sides B;C),C1 A}, A By.Since by lemma

7 ].. ’ 1 ! 1
d, = R—a,db = o d, = oA then replacing (Rg, Ry, Re, dg, dp, d;) in

Erdos-Mordell InequalityRca + Ry+ Re > 2(dg + dp +d.)
with

(i B Ry )

cr ra

we obtain

YR, >2) d, = (2)

cyc cyc

Arkady Alt



