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The following several problems represent inequalities between which at first
glance there is nothing common but in fact all of them are equivalent to Wolker’s
Inequality which represent very convenient and useful quadratic R, minorant
for square of semiperimeter s of an acute triangle.

(Although the problems listed below are borrowed from different sources,
however, all their solutions presented below are solutions of the author of this
notes).

Problem 1.

Prove that in an acute triangle with sidelengths a, b, ¢, circumradius R and
inradius 7 holds inequality

(1) a2+ 02+ >4(R+r)° [1]

Solution.

We have a2 + b2 + 2 > 4(R+71)> < 4R? (sin® A+ sin® B +sin* C) >

2

4R? (1 + %) =

sin? A + sin? B +sin? C' > (cos A + cos B + cos C)° <=

S (1—cos?A) > S cos> A4+2 Y cos BeosC <= 3 (cos A+ cos B)® < 3.

cyc cyc cyc cyc

Since by Cauchy Inequality
B A B A
(COSA+COSB)2 < (acos B+ bcos A) (COS + COZ > :c<coz + COZ >

1B ‘A
Then Y (cos A + cos B)* < 3 <CCOb 4 g8 >

b
cyc cyc
ccosB ccosA acosC acosB bcosA becosC
+ + + + =

a B L heosC c a
CCoS D + bcos a
2 () =2k
cyc cyc
Remarkl. On the way of the solution was obtained inequality
(2) 3 (cos A+ cos B)? < 3. [2]
cyc

which is trigonometric equvalent of inequality (1) and holds in any acute-
angled triangle ABC.

Remark 2.

Since a? + b 4+ c? =2 (32 —4Rr — 7"2) then

a2+ +?>4R+71)? <= 2(s>—4Rr —1%) > 4(R+71)?

(W) s%2>2R?+8Rr + 3

where (W) is Walker’s Inequality for an acute triangles).

Problem 2
Prove that in any triangle the following inequality holds

(3) siné—i—sinE 2—1— Sin§+sin€ 2—1— sing—i—siné 2<3
2 2 2 2 2 2 -
Solution.
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Since sine of half argument not very comfortable object in considerations of
B

2

obtain metrical representation for sin 2 sin

the simmetric functions from sin 2 sin —, sin 5 then, using cosine-theorem we

C
> sin ) and metrical equivalent of
original inequality.
C
Namely, ¢2 = a2 + b2 — 2abcos C = (a — b)* + 4absin® 7 =
C — —b
(2O (-0)(s-b)

2 ab

b (s — B _ _

and similarly we get sin? = = W, sin? — = w.
c

Then by Cauchy Inequality

2

. A+_ B\? s—¢ NP 1 +Visa 1 <
sin — +sin— | = s—b-— s—a-—
2 2 c Vb Va) —
s—c (1 1 _(a+b—c)(a+b)c
c '<a+b)(s_a+3_b)_ 2abc B
(a2+b2)c—02(a+b)+2abc_1+(a2+b2)c—02(a+b)
N 2abc
and, therefore,
A B\? (a® +b*)c—c? (a+b)
in — 5in — <3 =
C%:c(sm 5 + sin 2> < —|—cyzd:ic Sabe
1
34 - 21 p2)c— 2 b) | =3.
+2abc<02y:c(a " )C czy;:C ot )>
Remark 1. )

A B\’ A A
E(sin+sin> <3 <= | > sin— §.Z<1—sin2> —
cyc 2 2 cyc 2 cyc 2

A B c\? A B C

. - . - . - < 27 27 27
(4) [ sin 5 + sin 5 + sin 2) < cos® 5 + cos 5 + cos 5 [3]
Remark 2. )

A B A A . B
Z(sinJrsin) <3 = 2) sin? = +2 ) sin—sin— <3 <=
cyc 2 2 cyce 2 cyc 2 2

A . B A A . B
> sin—sin — < (1—2sin2> < 2> sin—sin— < Y cos A —
cyc 2 2 cyce 2 cyce 2 2 cyce
A . B 1
(5) §81n581n5§§(1+%)
Remark 3 B o
Letozzﬂ- ,ﬁ:—ﬂ-_ ,y—ﬂ_

2
Since a, 8,7 € (0,7/2) >0, a+B+y=m7
and, therefore, can be considered as angles of an acute triangle with side-
lengths a, b, ¢ ,circumradius R and inradius r then inequality (4) becomes

2 2
A A
Ecos(ﬂ—> SQZSHP(W—) — [ Ycosa] <2 sin*a <
cyc 2 2 cyc 2 2 cyc cyc
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r
<1+R) 2%4}%2 — (1).
Problem 3.
Let real =, 7,z > 0 be any such that 22 + y? + 22 + 2zyz = 1. Prove that
(6) 2?2 +y? 4+ 22 +ay +yz +2x < 3/2.
Solution.
We have 22 + 42 + 22 + oy + yz + 20 < 3/2 <= Y (z+7y)° <3,

cyc
Since any positive solution (x,y, z) of equation 22 + y? + 2% + 2zyz = 1
can be represented as

(#:%:2) = ( (a+b§)6(c+a)’m’ m> » V{(@b,e>0)

then, using Cauchy Inequality, we obtain

cuca—i—b(\/; ﬁ) CWGH(JB-\/%JF\/@\/%) <

c c
e @ +b( +a): <c+a+b+c) §<c+a+b+c>

Remark.

Taking in account that {(z,y, 2) | #,y,2z > 0 and 2% + y* + 2% + 2zyz = 1} =
{(cos a, cos B,cos7) | z,y,z2 >0 and o, B,y € (0,7/2) ,a+ B+~ =7}

we can rewrite inequality (6) as

YcosPa+ Y cosacosB<3/2 & 2> cos?a+2> cosacosf <3 =

cyc cyc cyc cyc
(2).

(here numbers «, 3,7 are interpreted as angles of an acute triangle).

Thus, up to notations and interpretations here is the chain of equivalent
inequalities

(W) = (1) < (2) < (3) < (4) < (5) < (6) and proof of any
of them at the same time

is proof for all others.

1. Zadachnik Kvanta, Problem M1178, p.153, Proposed by Z.A.Skopets.
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