Ellipse

Notes about Ellipse
Arkady M.Alt

0.1 Definition of Ellipse and its equation.

For two given points Fy F> on plane m and given positive real number a we
define Ellipse as set

E (F1,Fya):={M | M ermand 1M + FoM = 2a}

Fi F:
Let ¢ := —~ 2 Since FiM + FsM > 1 Fs we should claim a > ¢ because,
otherwise, & (Fy, Fa;a) = @.
Since in case a = ¢ we have £ (F1, Fy;a) = F1F» then further we assume
a > c.

Consider rectangular system of coordinates with origin in point O which
>

bisect segment FjF5 and with line £} Fy as axis OX and perpendicular line in

>
O to F1F2 .

Y

Py

AN ;

Afee) |9 A9

Then in such chosen coordinate system we have Fy (—¢,0), Fs (¢,0), M (z,y)
and representation of £ (Fy, Fy;a) in form of equation is

2 2
(1) x—Q—i— Z—Q = 1,where b := va? — ¢
a
(F1 M and Fo M we call focal radii).

Let ri = 1M = \/(33—}—0)2 +y2 and 7o = FbM = (9c—c)2 + 12 then

71 4 ro = 2a and since 2 (2 + 2% + y?) =242 <(r4m)’ =4 = A2+
2?2 + 3% < 2a? we have \/(x+c)2+y2+\/(x—c)2+y2:2a — (x4’ +
y2+(x—c)2+y2+2\/(x+c)2+y2-\/(x—c)2+y2=4a2 — 22 +y*+
A+ \/(332 + 2+ 2) — 4232 = 202 —
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Ellipse

(22 +y*+c¢ )2 4ctz? = (2a% — (2 + 22 —|—y2))2 = —4c%2? = 4a* —
4a? (c +x +y )
a? (22 +y?) — Pa? = a' — d’P? = b2’ +d%y? = —
2 2
LT Y
a b2
Now we will prove sufficiency, that is:

If (x,y) satisfies (1) then \/(x +o) 92 + \/(x — o)’ +y2=2a
Let z,y satisfies to equation (1). Then |z| < a, |y| < b and since y? =

372 ) 5 b2$2
b (1— =5 | weobtainry := PFy = \/(z +¢)” +y? = (/2% + 2cx + 2 + b -
a

b2 x%c? xc\ 2 cx
1—— +2cx+a? = 5 = (a—&——) = ‘a—i——
a a a
. 2 CX
and, similarly, ro := PFy=1/(z —¢)" + 3% = ‘a — —‘ .
a

Thus, \/(x+c)2+y2+\/(x—c)2+y2:‘a—i-%‘—i—‘a—g‘.smce |z]
a a

a2

IN

cx cx cx
a then clz| < ca < a® +— ‘—‘ < a and, therefore, ’aJr—’ + ’af —| =
a a a

cx
a —|— — —i— = 2a.
@ CT
By the way we obtain lengths of the focal radii r1 = a+— andro = a——
a a’

2

a c
Let p := — and e := — < 1.Number e we call eccentricity of the el-
a
lipse and lines x = —p,z = p have name of left and right directrix of el-
2
c(a r
lipse,respectively. Then r; = — ( —|—x) =e(ptz) < ! - e, Ty =
a \ c P+
2
c(a T
(—x =e(p—1z) = 2 —e¢
a\ ¢ p—x
that is ratio of left focal radius to distance between point P (x,y) on the
ellipse to the left directrix x = —p is equal to ratio of right focal radius to

distance between point P (x,y) on the ellipse to the right directrix z = p and
equal to eccentricity of the ellipse.

Remark.

We will prove that Ellipse can be defined by another geometric property,
namely if point M (z,y) belong to elhpbe E (F1, Fy;a) then there are two lines

F;M
l lJ_FF f hich———— = 1,:=1,2.
1,09 1L Tor whic dZSt(Ml) (L> )

. (& C .
Each such lines we call directrix and number e := — we call eccentricities.

a
Let &€ (F1, F5;a) be ellipse on plane XOY. Then for any M (x,y) such that
2 2

x——i— = landlinels : = p > 0 we have FobM = 4/(x — 0)2 +y2,dist (M,l3) =
p — x (here p is undetermined ) and, therefore,
BEM 2 2
— = = — 2 = —z) = (z-— 2=
dZSt (M, 12) € (l' C) +y e(p ZE) (Zl‘f C) +y
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62(])—96)2 = 22— 2cx+ A+ y? =e?p? — 2e%px + e%1? = 2 (1-¢€?) -
2x(c—62p)+02—e2p2+y2:0

c? b
Since 27 (1 — €2) +y*+¢? = 22 (1—)+y +c? = a? +y +c? =b2+

2

2 =a?then \/(z—c)’+12=e(p—1a) < d?

—e2p? -2z (c — er) =0 for
2

any |z| < a and in particular for z = 0.Hence, p = PRI e2p = 0.
e c
2 2
b
Thus, p = @ and, therefore, d := dist (M,ly) = p — ¢ = —.So, equation of
2 c c
lz isx=—.
c
b2
It is right directrix. Respectively left directrix is © = ——
c’
0.2 To Graphing of ellipse.
22 2
Due to symmetry of ellipse £ = {(z, y) | z,y € Rand — + 2= 1} with respect to
a

axes OX,0Y suffices to consider graph of £ only for z,y > 0.

2
For such z,y we have y = f (z) :=by/1 — x—z Obvious that f (z) decrease
a

on [0,a].
Remains to prove that f (z) is concave down on [0,a], that is to prove in-

2
equalityf(ah;rab) > fat) +/lak) \J1- (M> >1 (\/17t2+\/1—t2) —

2 2 -2
ti+ta\2 1
1—(12 2) > (1-#+1-8+2/1-8-V1-8)

4—1t2 13 =21ty > 2t — 134+ 2\/1 -3 /112 = 22ty >
W= T8 = 1—tity > /1-123-\/T— 82 < (t; —ts)> > 0.

0.3 Tangent to Ellipse.

For ellipse (as for the circle) we can use the simplest definition of tangent,
namely,

tangent to the ellipse £ to the given point P (zg,yp) € £ is a line which
pass through

P and have no more common points with the ellipse.

2 2 @2 2

Let P (zg,yo) be the point one the elhpse ?2—2 =1, that is ——i— b2 =1.
2_ .2 _

Then equation of the ellipse is T~ %0 + y o =0.

2 2
Follow to definition of tangent line we will find its equation in the form
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Ellipse

p(x—x0) + q(y—yo) = 0 (that is we will find unknown parameters p and
q up to
collinearity of vector (p, q) ) by claiming (follow to definition of tangent line)
uniqueness of solution of the system with respect (x,y).
p(z — ) +Q(y yo) 0
w?—ag v -u

2 T T
Sincep (x — x0)+q(y —yo) =0 <= IF(t €R) [z — x¢ = qt,y — yo = —pt] then
by substitution

2 _ .2 2 _ .2
(,y) = (xo+qt,yo —pt),t € R in equation :E 2% + Y bzyo =0 we
a
obtain
qt (2z0 +qt)  (=pt) (290 —pt) _ ¢ 7 2qz0  2pyo | _
e + b2 =0 <1t —+b—2t 2 =
0.
: o 2qro 2pyo
The latter equation has only solution iff 2 ;2 - 0 < (p,q =

k (a0, a%yo) , k € R\ {0}
Thus, we obtain the following equation of tangent line
bzo (x — mo) +a’yo (y —yo) =0 <= b2zzo—b’2d +a’yyo—ad’*yl =0 =

a2 2
TLo | YYo _ Yo
At =
TZo | YYo
T) —+ > =1.
) a® ' b 2 .2
( Equation of line which tangent to the ellipse Z—2+ Z—Q = 1 at point P (xg,yo) we
can
also find in the parametric form
(’) T =29+ pt
Yy =1yo+qt
T =z + pt
Then system of equation y2= Yo + @ must have only one solution,
£ y?
2 et

namely such ¢
for which corespondent (x,y) equal (zg,yo), that is t = 0.

2 2
t t
‘We have (x0+2p) + (yo + qt) =1 —
a b2
2 2
Y% o (P 4 pro | qlyo\
—+b—2+t <+b2)+2t(a2+b2>_1<:>

2 2
p q bTo | qYo .
t(t( +b2>+2(+b?))_0'

The latter equation has only one root iff —- L 0 + % =0 < (pq) =
k (azyo, szsco) .
Then (1) = ~ %0 _Y~¥% ifgﬂﬁo:y;yo asgzo
p q a=Yo —b Zo a“Yyo
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Ellipse

=0 <—
b2.’£0
(x—z0)z0 . (¥ —Y0)¥o TTo  YYo
a? + b2 a + b2

(Remark. Multiplying x = xo + pt by —2,and y =1yo +qt by % and adding
a

after,
T
we obtain ——l—% = 7_5_ 5 +t <IQ + qb3/20) 1. because 2 +ql)2/20 —0
@ o
and —+ b—2 =1).

(Here is another, a slightly different way of deriving the equation of

Tangent line to ellipse.
2?2

Let the ellipse £ be given by the equatlon — —i— i 1 and let M (zg,yo) be
a point on the ellipse.
Ellipse as a closed curve divides the plane into two parts - the outer and

internal with respect to itself, namely the point P (z,y) on the plane is called
2 22 2
external with respect to the ellipse if % + z—z > 1 and internal it 5+ Z— < 1.
a a?
The boundary of the inner and outer region is the ellipse itself, that is,
the points of the plane whose coordinates (x,y) are subject to the equation

2 2
Z Y
Definition.
The line mz + ny = [ passing through the point M (zp,yo) which lying on
2 2
the ellipse m— + ‘722 =1 is called the tangent to the ellipse at the point M if the
line does not contain any points of the plane interior with respect to the ellipse,
2
that is, for any (z,y) such that max +ny = [ must holds inequality z 5+ ‘Z—Q > 1.
The fact that a point M (xq,yo) belongs to a line maz+ny =1 and an ellipse
2y ¥ Y
——|———1means that mxg +nyo =1 and — + =5 =1
b2 a? = b?

Taking these equations into account, the equation of the line and the
T A
4+ >0,

inequality take the form m (x — xo)+n (y — yo) = 0 and z 5 7
a

respectively.
Since that at least one of two numbers m, n is different from zero, let it be

T —
n, then denoting % Viat and, by substitution x — xy = nt in to equation

m(x—xo)+n(y— y(?) = 0, we obtain mnt+n (y —yo) =0 < y—yo = —mt.
On the other hand, for every ¢t € R, numbers x = ¢ + nt and y = yo —
mt satisfies to equation m (z — xo) + n (y — yo) = 0.
Thus formulas = xg+nt and y = yo —mt, where t € R, gives a parametric

representation of all solutions of equation m (z — zp) + n(y —yo) = 0,using

2 2 2 2
xT X
0 Y Yo

which we can rewrite inequality 5 5
a b

> 0 in the following way:
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nt(2w0 +nt) mt (g —mt) t<t<”2+mz)+2(m0my°)>o) te
= o 2/ =)

a2 b2 2 b2

R.
Since the last inequality holds for all real values of ¢ iff % — % =0 <<
a
k k
% = % <~ n= %amd m= %7 k € R\ {0}, then equation of tangent
. . kx ky
line will be 720(93*1‘0)4*720(y*y0) =0 <=
2 2
@_ﬂg Wy Y% _ Tor | Yoy _ ),
a a b2 b2 2 b2

0.3.1 Reflection property of tangent to ellipse.

2 2
Let line [ is tangent to ellipse & : x—z —+ :%2 = 1. We will prove that focal radii
a
to the point of tangency form equal angles with the line [ (that is & = 8 on pic).
Let F1 K and F5L be perpendiculars to the line that tangent to the ellipse at

point P (zo,yo). , ,
TocC a® + xgc TocC a® — xpc
Wehavem:a—kizﬂandm:a—izio.Alsowe
a a a
X
have distances from F and F5 to tangent line —20 + % =1:
a
F
zo(—¢) Yo 0 ToC TocC TocC
7+ B2 1 ‘ . +1‘ )a—i—L a+ 2=
K = a _ _ a _ a
at bt at bt at bt at bt
and
ZoC yO'O_l 1 ToC ToC TocC
a? b2 -2 - a—=—
FQL: — a — a — a
at bt at bt at bt at bt
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Ellipse

because |zo] < a and ¢ < a.

2 2
Since 1P = r, = a + @a FBP =1 = - ﬂ and xig + y% =
2,2 2 00 ¢ 2 5 @ @ 2
1(b$0+%):1(b$0+1_%>:1 1—|—$0(b2—a2)>:1(1_9€06
b2 \ at b2 b2 \ at a? b2 at b2 at
1 ,  wic? T 3yl T2
212 <a el Ralrs> then pr + ® = ab and, therefore,
FlK:b1/T1,F2L:b\/E.
T2 1
K b FyL
Hence, sinaq = —— = =22 —sinB and K - FyL = b2,

o 2 T
Another proof using that line which perpendicular to tangent line at P €

& is bisector of /F;PFy that is using ratio Y

T2
X
—g, %) which perpendicular to tangent line to the ellipse
22 g2 @

— + 75 =1 at point P (xo,y0) we call normal to ellipse at that point.
We will prove that normal is bisector of angle ZF;QF5.

Vector n = (

T —x —
Indeed, line 70 0_ Y yoyo intersect OX in the point K with coordinate
_ _ a? b2
a which satisfy
r—x0 0—yo _wo(a2—b2)_m002
ToTTm T T T e
a? b2
Hence,
2
xoC ¢ (czo + a?)
FiK = —(—c) = ,
! a? (=¢) a?
2 2
ToC c (a — ca:o)
FQK = C— a2 = a2
+ CX(
a+ — 2
. 71 a® + cxg K L.
Since — = a_ — = then QK is bisector of angle
T2 q - &o a? — cxg K @ &

a
ZF1QF; and, therefore, angles between tangent and radii are equal.

Remark.
Let line [ be tangent to ellipse £ at point P and let M be any point on I.

Then J\I?gé (F{M + F,M) = F1 P + F» P = 2a.
Pic.?
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0.3.2 Distance between point and ellipse.
22 g2

Let P (x0,y0) be point on the plane P laying beyond ellipse & : ——i—b—z = 1,that

1s—+zg>1

Distance between P and ellipse £ by definition is dist (P,£) = min {PM | M € E} ,that
is

£C2 y2

dist (P,€) = \/min{(x—xo)2+(y—yo)2 | R —1,$,y€R}

We will prove that minimum of PM where M € £ can be attained in the
—
point @ (p, q) € € such that normal to £ at point @ (p, q) is collinear with PQ.

Since equation of tangent to the ellipse at point (p,q) is pf + be =
1 then n (%, b%) is normal to ellipse at point (p,q) .
a
kp - CLQZ'O
: _ (P 4 YomP= 02 a2tk
WeClalm(xo—p,yo—Q)—k(ﬁﬁ) Aand B 7& = abeo
Yo a= g 1T
Then PO2 2 2 _ 2 P ¢ k2 x% yg
en Q —(p—xo) +(q_y0) - <a4+b4)_ (a,2—|—]€)2+(b2+k)2
e

where value of k can be obtained by substitution (p, ¢) in equatlon —+ =

1 that is from equation

a’z > b? S| a’x? b2y?
) 5 2y0 s =1 = 04 %
a*+k a b2+ k b (a2 + k) (b2 + k)

Thus, PQ = [k| —+—f| |
+k N+k)
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s s >
49\  A(<co) O A9 (a0)

(0,6)

Let L # @ be any point on ellipse then PL > PK > P(@ and, therefore,
point @ realize minimum distance.

This is geometric visual proof can be confirmed with the following analytic
proof based on using partial derivatives and Lagrange multipliers.

2 2
Namely, let F (z,y,t) := (z — 20)° + (y — yo)> — ¢ (x +¥ 1> . Then we

a2 b
have system of equation
, _ tex\ , _ ty\
Fl (z,y,t) =2 T—To— 5 =0, F, (z,y,t) = 2 Y=Y = 0 and
2
< Y

Which give us the same result as above.

0.3.3 Locus of equidistant points.

1.Parametric representation.
2

z
Let point P (x,y) belong to locus of equidistant points for ellipse £ : — +
a
2

:Z—z = 1, that is dist (P,€) = d, where d is given positive constant and let
Q (p, q) point on ellipse £ such that PQ = d.Then (z — p,y — q) || (%, b%) and
a
equation of line PQ is :Up%p = yf;q
a? b2
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2 2
T—p Y—q a“x by
Let t = —— = =—— th = = )
¢ % % MP= T
a b
Therefore, d* = (z — )2+( — )2 =(z— ﬂ 2+ _ by ’ —s
A a+t Yt
2 2 Y2
- + and
2 (a2 +1)°  (B2+1t)
2 2 2,.2 2,2
p q a“x by
— + =i 1l <= 5 5+ 5 5 =
a (a2 +1) (0% +¢)
l‘2 N y2 B de b2d2 B (b2 —CL2 1‘2
) (@2t 2 4r)? # 12 T (@1 1)
ThUSa CL2{L'2 b2y . — a2d? L (CL2 b2) y2 <
(a2+t)* (b2 +1)° t? (b2 + )
b2d? c2x?
T T ey
a2d? ey
t? <b2 +t)2
b2d? c2z? 9
2 1=- (a2 + 1) 22— (£* — v%d?) (a® +1)
a2d? 202 t2¢2
If ¢ # 0 then (!) — e N (a2d2—t2) (b2—|—t)2
t2 gbz +¢)? y? =
Pd2 t2e?
g Pl | bd < |t| < ad
t2 — ) 2 -
22 . y? &
242 2 2 by 2 7 42
Ifc:Othena:b,a——lzoand (a J{@ (b }Lt ¢ —
12 a‘x by _1
(a2 + 1) 2(b2 +1)°
a2a2 a%y? (a2 +t)
(a2+t)2 (a}2+t)2:1 <:> $2—|—y2:7a2
a? + ad)’
x2+y2=7( 2 ) — 22 +y*=(a+d)’.

0.3.4 Distance between line and ellipse.

Problem.
2 2

Find distance between line and ellipse where ellipse £ : x—Z + ‘Z—Z = 1 and line
a

l: px + qy = r have no common points.
First find out for what values a, b, p, ¢, r ellipse £ and line [ have no common
points, that is when system

- rka t
(©1985-2018 Arkady Al 10
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have no solution. )
b a 2 2
Since (pz + qy)° + (qa _ py> _ ((12 LY ) (p%a? + ?b?) < 1%+

b b2
b b ’
<qx_paby) = p2a? 4 2B > ﬂ_% — p%a® + ¢%b% — 72 then
a a
p2a? + ¢?b% < r? Dbecause otherwise if p?a? + ¢2b% > r2 then
b
or % = £+/p?a? + ¢2b% — r2 and we obtain linear system
a
pr+qy=r
b
LT _PW _ | S2a? + 202 — 12
a b
2 2b 2 2 2b2
which always has solution (determinant equal }% + 2 _ % >
a a

0.).
Thus, the ellipse £ and the line [ have no common points iff p2a?+¢2b% < r2.

Let M (x,y) be any point on ellipse. Then dist (M, L) = w and

N

_ 2 2
dist (€,1) = minw, where = + % = 1.

x,y A /p2 —+ q2 a2 b2
Since px + qy = pa - z +gb - % then by Cauchy Inequality we have
a

2 2
(©) pr+qy < ?-l-%-\/p%?—kq%?:\/p2a2+q2b2.
Since r — (pz +qy) > r — \/p*a® +¢*b* > 0 then |r — (px +qy)| = r —

(px + qy) > r—\/]m, where lower bound r—+/p2a? 4 ¢2b? for |r — (pz + qy)| can

be attained, because (f’ %) = k(pa,qb) = (z,y) = (kpaz,kqbQ) k>
a

0 (condition of equality in inequality (C) ) together with claim M (z,y) € £ give

us
(kpa2)2 (kqb2)2 1
=]l <= k= —r.
a2 + b2 /p2a2—|—q2b2
2 2
pa qb :
Let (z.,ys) = , .Then point M (x4,y.) €
(T4, Y) <\/p2a2 T ¢2b2 \/p2a2 +q2b2> p (T, Y )

Eand |r — (px.« + qus)| = )r —/p2a? + q2b2‘ =71 — /p2a? + ¢2b% and, there-
fore,
, _prtqy—r| _r—+/p’a® + ¢°b?
dist (€,1) = min =
/p2 +q2 /p2 +q2
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0.3.5 Angle of observation of ellipse from given exterior point.
. . 2® Y LT W

Let P (zg,yo) be a point beyond the ellipse £ : E—&—b—Z =1, that is ﬁ—i—b—Q > 1.

Find angle of observation of ellipse from the point P, that is an angle
between tangents from the point P to ellipse €.

Let L be the line that tangent to the ellipse £ at point ().The situation
determined by two conditions:

Q (p,q) € € and P (x0,y0) € I, that is,

2

2
L P+d =1
ORI
w2
2 2
P q P . q
(or, o =0 ~0) =1 (7. 53) ond G g =)
Denoting u := 871’ = % and zy = —2,y; = yT)O we can rewrite (1) as
a
2, 2
u +v°=1 o
(2) {ux1+vy1:1 and solve it in u,v.

Since 27447 > 1 and (uzy + vy1)*+(uyr — var)? = (u® +02) (22 +y}) then
1+ (uyr —vaq)® = 22492 < |uy; —vay| = d, where d := /22 + 2 — 1
and (2) <=
luyr — v =d
3) uxry +ovy; =1
Solving the system (3) we obtain two solutions (because d > 0):

(i tdyy y1 —dxy _(m—dyr y1+dry
(ug,v1) = and (ug,vq) = )

14d?> "’ 1+44d? 14d?> 7 1+44d?
Coming back to original notation we get
BT -
<p17Q1) (au17 Ul) 1+d2 ) 1+d2

bxg + dayy ayo — dbzg ( ) bxg — dayy ayo + dbzg d
= 1
b(1+d) a(l+az) ) P2E b(1+d2)  a(l+d?)

B bz + dayo ayo — dbwg\
(ro —p1,90 — q1) = | w0 — m,yo - m
d (bdzg — ayo) d(adyo + bzo) dt,
= here t; := bdxg — b (ad b
( b(d+1) 7 a(d? +d1()bd ab ()dszEz)a Wbefe) 1= (a (d zo — ayo) , b (adyo + b)),
o + ayo adyy — bxg to
d — — = =
an (:CO P2;Yo0 (J2) b(d2+1) ) a(d2+1) ) ab(d2+1)’
where to := (a (bdzo + ayo) , b (adyo t_ bxo)) . ot
— . A
Let o :=t1,t5 . Since cosa = L2 andsina = ———2_ then cota =
[[£2]] lIt2]l [[ta]] lIt2]l
t1-to
ti Aty

We have t; - to = a? (b2d?23 — a®y3) + b? (a?d®y¢ — b*ad) =
— (a4y3 + biad — (a2b2d2 (azg + y%))) =
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a4y§+b4z%f (aQb2 < + Z% - > (z% + y8)> = (a + b2 — Io yo) (azyg + beg) .

_ a (bdxg — ayo) b (adyo + bxo)
t1 Aty = det (a (bdzo + ayo) b (adyg — bxg)
ab (bdzo — ayo) (adyo — bzg)—ab (adyo + bxo) (bdzo + ayo) = —2abd (a’y3 + b*al)
and, therefore,
a® +b* — z? — 2
4 ta =
(4)  cota= 2abd

(cot a is best way to determine o because range (cot ™! a) = (0, ) .Calculations
«a, using

ty-to
[ 62| [t ) ) ) .
In the case when « is angle of observation of ellipse £ from exterior point P
we saying that P is point of of a—observation .

formula cosa = leads to ponderous work).

2 2
Locus of all a—observation points for given ellipse 5::6—2 + v 1
a

b2
For given « by formula (4) we obtain a?® + b* — 2% — y2 = 2abd cot .
Since d = @ + % — 1 we obtain the following equation for locus:
22 2
(5) a? +v? = 2% +y? + 2abcot +b2
In the case a = il equation becomes equatlon of the circle

22 442 = a2+ b2,

1.

x
Parametric representation of ellipse &:— +

1. Trigonometric parametrization.
2 2

Let (x,y) is solution of equation — + :Z—z = 1.Then point (E, %) lie on the
a
unite circle and, therefore, (E, %) = (cost,sint) <= (z,y) = (acost,bsint),t €
a
[0, 27).
2. Algebraic (rational) parametrization.
Since any (u,v) such that u? +v? = 1 can be represented in the form

1—t2 2
—— ——],teR
(1+t2 1+t2>

Ty 11—t 2t a(l—1t*) 2bt
th (777>: T 5y T 5 s = s .
b (1+t2 rez) = @Y 112 148

Polar equation of Ellipse.
As we know (see "Reflection property of Ellipse" ) for any point P (z,y)

PR
xc
on ellipse &: —+b7 =1 we have 1y = a+ — = a+ ex,r5 = a — xpe,where
a
0 < e = — < 1 is eccentricity of ellipse £. Let polar origin coincide with
a

FQ(C,O).
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Let r := ro = a — xe be polar radius and # be angle between OX and
F5 P counter counterclockwise. Then © = ¢ + rcosf and since ze = a — r we

. a—ec . c
obtain ec+ercosf =a—r <= r=—————. Since a—ec:a(l—ef) =
1+ ecosf g
b2 a(l—e
a(l—eQ) anda—ec:a—E-CZ—thenwealsocanuserzg
a a 1+ ecost
b? b?
T or r= 0 € [0,2m).

:a(l—l—ecose) a+ccosf’
Equation of ellipse in general position on the coordinate plane.
2 2

(z-p)"  W—9 _

a? b2 B

1. First we consider ellipse £ given by equation +

1,where p, g be given real numbers.

Let w := x — p,v := y — q and we consider new coordinate axes rep-
resented in the coordinate system XOY by lines ¢ = p (axe O1V),y =
q (axe O1U) where O (p,q) is new origin. Equation of £ in coordinate system

UO,V becomes u—z + 2
a
foci coordinates in coordinate system OXY are (—c+ p,q) and (c+ p,q).

2. Let K be set of points on the coordinate plane XQOY defined as follows

= 1 with foci coordinates (—c¢,0) and (c,0) .Hence,

K= {(z,y) | 2,y € R & az® + 2bwy + cy® = d}

where d > 0 and az? + 2bzy + cy? be positively defined Quadratic Form
(homogeneous polynomial F'(x,y) of the second degree is positively de-
fined iff F'(z,y) > 0 for any real x,y and F (z,y) =0 < x =y =0).
Note that K is central symmetric because if (x,y) € K then (—z,—y) €
K as well.
We will prove that F (x,y) = ax? + 2bxy + cy? is positively defined iff a >
0 and ac — b% > 0.
By considering case b = 0 as trivial (because then obvious that F (x,y) =
ax® + cy? is positiveldeeﬁned iff a,c > 0 and, therefore, equation ax? + cy? =
(d/a)2 + (d/b)2 1 represent ellipse in the standard position) for
further we assume that b # 0.
Since a? +b% # 0 (because otherwise F' (x,7y) = 2bzy isn’t positively defined

WLOG we can assume that a # 0. Since F' (z,y) = 1 ((ax +by)® + (ac —b?) yz) >
a

b
0 for any z,y € R then ¢ > 0 and ac — b> > 0.Indeed, since F (—y,y> =
a
—b2) 42 —b?
uz()(:;ac > 0 for any y # 0 and F (2,0) = az® > 0 <

a a
a > 0 for any = # 0 then a > 0 and ac — b* > 0 (hence, ¢ > 0 as well).
And vice versa if @ > 0 and ac — b*> > 0 then F (x,y) is positively defined.

1
Indeed, F (z,y) = — ((aw + by)2 + (ac — b2) yz) > 0 for any z,y € R and
a
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ax+by=0
ac — b2) y?=0

We will prove that equation az?+2bzy-+cy? = d, where d, a, ac—b? > 0 and is
equation of ellipse, which reduced to the standard form in new coordinate system
UOV obtained by rotation coordinate system XOY on some angle .

In coordinate system XOY two orthonormal vectors i(1,0) and j (0,1) form
basis, that is any vector z have unique representation as linear combination of
vectors i and j namely z =zi+yj and pair of coefficients (z,y) is coordinate of
z in coordinate system XOY.Let i; and j; be two orthonormal vectors formed
by rotation of vectors i and j on angle ¢ counterclockwise. Then i; = cos p-i+
sin -j and j; = — sin -i+ cos ¢-j.

Hence i =cosp-i; —sinp - j1,j =singp -i; +cosp - ji.

Let UOV be new Cartesian system of coordinates which correspondent to
basis i1, j1 (shortly UOV = R,(XOZ) where R,, is operator of rotation of plane
P with respect to origin O on angle ¢) and and let arbitrary vector z has coor-
dinates (z,y) in coordinate system X OY and coordinates (u,v) in coordinate
system UOV.

F(z,y) =0 < (am+by)2+(ac—b2)y2:O — { (

Then z =uiy+vj1 =u(cosp-i+sinpj)+v(—sing-i+cosg-j) =(ucosp —vsing)i+

(usin ¢ + v cos ) j1 and, therefore,

T =1ucosp —uvsinp
Yy =using + vcosy

Solving this system with respect to v and v we obtain

U = xcos P+ ysinp
v = —xsiny + ycos
By substitution = = wcosp — vsing, y = usiny + vcosy in equation
ax? 4 2bxy + cy? = d we obtain

a (ucos o — vsin ) > +2b (ucos ¢ — vsin @) (usin @ + v cos ©)+c (usinp + v cos ) =
u*F (cos ¢, sin )+v?F (—sin ¢, cos p)+uv (2 (c — a) sin ¢ cos ¢ + 2b (cos? p — sin? ).

We claim 2 (c — a)sinpcos ¢ + 2b (cos? o —sin® ) = 0 <= 2bcos2yp =
(a —c)sin2p <—
a—c 1 a—c

cot2<p:2—b = p=0, :ziarccot 3

Thus, ax?+2bxy+cy? = d <= pu’+qv? = d,where p := F (cos p,,sinp,) >
0 and ¢g := F (—sinp,,cosp,) > 0 since F (cos p,sinp) > 0 for any ¢.
Therefore, equation F' (z,y) = d,d > 0 is equation of ellipse with center
of symmetry in origin O (0,0) and axis of symmetry u = 0 <= xcosp, +
ysinp, <= y=—zcotp, andv =0 < —zxsinp, +ycosp, =0 < y=
ztanp,.
Consider now polynomial of the second degree H (x,y) = F (z,y) + 2ex +
2fy,where F (z,y) := ax? + 2bzy + cy?.
We will try to find numbers p and ¢ such that H (u+ p,v+¢q) can be
represented as a sum of quadratic form with respect to u and v and some
constant. For that in expression
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Hu+pv+q) =alu+p)+2b(u+p)(v+q)+c(v+q)’+2e(utp)+

2f(v+4q) =
au? + 2buv + cv? + 2u (e + ap + bq) + 2v (f + bp + cq) + ap? + 2bpq + cq? +
2ep+2fq
we claim e+ap+bgq = 0 and f+bp+ cq = 0.This system of equations unique

determine p, g iff det (Z ZC)) # 0.

Since, in the case when quadratic form F (z,y) is positively defined this

claim is fulfilled then for obtained by such way p and ¢ we have
Hu+pv+q)=F (u,v)+ H(p,q)
H(z,y) = F(x —p,y—p) + F(p,q) +2ep+2fq

and equation H (z,y) = d <= F (z,y) + 2ex + 2fy = d represent ellipse

on coordinate plane XOY in general position if d > F (p, q) + 2ep + 2fq.
Remark.

In the case of equation az? + 2bxy + cy? = d,where d.a,ac — b*> > 0 we can
find axes of symmetry without references to vectors and rotation of coordinate
system.

Namely we can use the following property of ellipse:

Both axes of symmetry of the ellipse by their intersection with ellipse points
give us biggest and smallest diameters of the ellipse. (Diameter of the ellipse
we call any

segment with the end on the ellipse and which contain center of ellipse).
d
2

. y=kx Tt =
Since { ax? + 2bzy + cy? = d — ay—&—:2£l; ok
then square of length of diameter with slope k is 4 (w2 + kzxz) = 4z? (1 + kz) =
4d (1 + kz)
a+ 20k + ck?’ ,
4d (1+k 4d
Since k = tan ¢ then ( ) = then

a+2bk +ck?  acos? g+ 2bcos psin g + csin® ¢
remains to find ¢ for which a cos? ¢ + 2bcos @ sin ¢ + ¢sin? ¢ attain maximal
and minimal values.
We have 2 (a cos? ¢ + 2bcos ¢sin ¢ + csin® ¢) = a (1 + cos 2¢)+c (1 — cos 2p)+
2bsin 2¢ =
a+c+ (a—c)cos2p + 2bsin 2¢p.

Since by Cauchy Inequality |(a — ¢) cos 2¢ 4 2bsin 2¢| < 1/ (a — ¢)* 4 4b2 and

equality occurs iff (a — ¢) sin2¢p = 2b-cos2¢p <= cot2p = %.Solving latter

a—cC

equation for ¢ € (0, 7) we obtain two values for 2p,namely 2¢ € arccot 5 —
1 ta—c 420 €+ ta—c 7r+1 ta—c
= — arcco an T + arcco < p = — + = arcco .
L) 2 4 2 LI 2

0.4 Problems.
Problem 1. (Chords in ellipse).
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Prove that midpoints of parallel chords with ends that belong to ellipse
formed the line y = ma and find its slope m.
Problem 2. ) )

Let point P (xg,y0) be exterior with respect to ellipse é’:aj—2 + ZZ—Q = 1.Find
a
equation of line which passed through P and tangent to ellipse £.
Problem 3.
Find necessary and sufficient condition for numbers p, ¢, r that the line [ :
2 2

pzx + qy = r will be tangent to ellipse (‘,’:x—2 + yo_ =1.
a

B2

Problem 4.
. . . . T .
Find equation of tangent line to ellipse S:E + Ehn 1 which:
a) Is parallel to line [ : pz + qy = 75
b) Is perpendicular to [ : pz + qy = r;
¢) Formed given angle a,counted counterclockwise, with line [ : pz + qy = r.
Problem 5.
. . 2?2

Let Fi, Fy be the foci of an ellipse 8:(72 +

—5 = 1. Prove that product of
distances from F;, F, to any line that tangent to £ is equal to b2.

Problem 6.
2 2

Among all rectangle inscribed in the ellipse 5 — + z—z =1 with sides that
parallel to its axes find the rectangle with maxunum area.
Problem 7. ) )
Find the maximal area of a triangle ABC' inscribed in ellipse E:m—2 + :2—2 =
a

——
1 so, that BC' || OX.

0.4.1 Solutions.

Solution to Problem 1.
Let AB is one of the family of a parallel chords with slope & on the ellipse

2 2
E: 5+ Z;—Z =1 and let (z1,41), (2,y2) be coordinates of A, B, respectively.
Let (z,y) be coordinates of midpoint of chord AB, that is z = %, Y=
Y1 —|—y2
2 22 42 22 g2 2 2 2 2
. 1, Y _ Y2—Y1 _ Ty — X3 Y1 — Y
Since —2—&—[)—2 1, —+b—2—1a dxz_xl—k:then 2 + T
D o) @t w) | 1) )
Ty —x2) (1 + — +
1 2@2 1 2 i Y1 y2b2y1 Y2) _ 0
(1 *$2)2(I1 +I2)+k($1 —x2) (y1 + y2) 0 e Ty +x2+k(y1 +2) _
a b2 a2 b2
0 <~ ) B2
r ky b
a—2+b—2:0 — y:—mxHence m=-—i-
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Solution to Problem 2. ) )
Point P (xg, o) is exterior with respect to ellipse g:% + i =
a

b2
yo

Let M (x1,y1) be point on ellipse & :

2 2 2 2

y _ _
b2 =1, that 1s——i—b2 =
T YY1 ToT1 Yoly1

Then PM : +—f115tangentto€ad + —— =1
a? H? a? b2

Thus, we obtain the followmg system of equation with respect to z1,¥y; :

2?2
—_— + - =
|
() $0 1 Zo@h B
a? Nz
Applying Lagrange Identity to pairs (%, y—bo) , (%, y—bl) we obtain
2 2 2 2
ToT1 yoy1)2 (moyl y()m1)2 ro o, Yo\ (%, Y%
= - =T+ || S5+5 ] =
( a? + b2 + ab ba a? + b2 a? + b2
1+ 2_ %0 U, = +abs
+ a2b2 ($0y1 - y0$1) = ? + b72 YoT1 — Y1To = Ta
ToT1 | YoU1 _ €, = @
and, therefore, (1) < a? b2 =
{ YoT1 — Y1x9 = tabd Y = M
a
Solution to Problem 3. 2 )
line ! : pz 4+ qy = r is tangent line to ellipse 5 — + %2 = 1 iff the system
22 g2
(NS a2 7 p2 have unique solution (x,y) .
pr+aqy=r

Applying Lagrange Identity to pairs (pa, gb), (E, %) we obtain
a
x ¥\? Y N2 _ oo ooy (20 Y
(pa-Grabeg) + (o 3) = e +a%) (G+35) =

b 2 b 2
2+ ((]CL' - am/) =p2a?+¢*h? = (qx - apy) =p2a?+¢*b*—

a b a b
bqx
Hence, p?a® + ¢%b%> > r2 . Since L — % ++/p2a? + ¢2b% — r2if

2.2 272 2 prtay=r
a®+q“b* > r then in that case (!!) < bgx @
PRt 2 ) bor Ay _ | pme
a
where latter system is linear with respect to x,y and solvable( because its
determinant isn’t zero).
Thus, necessary and sufficient condition for numbers p, ¢, r is inequality
p2a? + ¢2b% > 2.
Solution to Problem 4.
YYo

a) Let P (zo,y0) € 5 — + b—Q = 1 such that line = + o =11is parallel
a?
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to line [ given by equation pz+qy = r.Then (x—g, %) =k(p,q) < (xo,y0) =
a
(kpa?)®
(kpa?, kqb?) ,where k € R\ {0} and, therefore, P (zq,y0) € £ <= >— +
a
kgb?)® 1
R
b V/p2a? + ¢2b?
1

1
Thus, we obtain two tangent lines zp+qy = z where, k = iﬂ.
Vvpea®+q

Y _ = 1 is perpendicular to [ : px + qy = r then

b) Since tangent line 220 4 ¥%0

b2

k(—q)a?)?
(%, %) =k (—q,p),k € R\ {0} and, therefore, P (z9,yp) € £ <— %Jr
kpb?)?
(p ) =1 << k== !

B2 /q2a® + p2b2 ’

1 1
Thus, we obtain two tangent lines —qz+py = Z where, k = +

/p2a? + q2b2'
c) Since normal to ellipse at point P (xg,y¢) formed angle @ with normal
Lo Yo

to line [ : px + qy = r then (a—Q, bﬁ) =k (p1,q1), where

P1\ _ [cosa —sina) (P
q) \sina cosa q)’
And further as in a).

Solution to Problem 5.
See the first proof of Reflection property of tangent to ellipse.

Problem 6.
Let P (z y) ,where z,;y > 0 be vertex of the rectangle inscribed in ellipse
z2 oy 2xy
Then area of the rectangle is A (z,y) :=4zy and 1 = — + > — =
a2 b2 ab
A(z,y)
2ab
A(x,y) < 2ab.Since A ( > = 2ab then max A (x,y) = 2ab.
V2 V2
Problem 7.

Let (u,v) be coordinates of vertex A and (z,y) be coordinates of vertex
B such that > 0.Then (—z,y) be coordinates of vertex C and since BC' =
2x,altitude h, = v — y then area of AABC is [ABC] = (v—y)x.

First note that for any such triangles with fixed vertex B the biggest area
have triangles with A placed on OY that is if (u,v) = (0,b) (taking into
account the symmetry) and AABC is isosceles triangle. Thus, we will find
max (b —y)x

Using trigonometric parametrization of the ellipse in the form (z,y) =
(asint,bcost), where t € (0,7) because z > 0 and using AM-GM inequal-
ity we obtain
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A(u,v) |A(0,b)

™S "

" O
C(-x,y) ——F— B(xy)

t ot 1 £\* t
[ABC] = (b — bcost) asint = 4absin® J o085 = 4ab\/§ <sin2 5) - 3 cos? 3 <
3 sin? ¢ + 3 cos? AN 4
1 9 9 1/3 3V3 3V3
4ab | = 2 2 =daby/- (-] =4ab- i = —\/_ab.
3 4 3 \4 16 4

t t t
Note that equality occurs iff sin® 5= 3 cos? 5 <= tan 3= V3 (because

2
tan% > 0 for t € (0,7)) that is iff ¢ = ?ﬂ — = aTﬁ,y = —g. Then
max [ABC| = %ab and attained if A (0,b), B (%,—g) ,C (—%g, —g) )
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